
2.5 Continuity

The word continuous in common parlance and refers to anything that
has no breaks or gaps in it.

Similarly, in mathematics, a continuous function is a real valued func-
tion that has no holes, no gaps, no breaks, and no jumps in it.

Drawing the graph of a function is one way to determine if a function
is continuous or not on an interval; but this is not always feasible. To
overcome these issues, a technical definition is needed.

There are three types continuity: continuity at a single point, continuity
from one-side, and continuity on an interval.

Continuity at a Single Point

Definition 1: Continuity at a Point

A function f is continuous at the point x = a iff

lim
x→a

f(x) = f(a)

In order for a function to be continuous at the point, x = a, the general
limit must exist (implying that lim

x→a−
f(x) = lim

x→a+
f(x)), and that number

must also be equal to f(a).
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Example 1: 2.5.4

From the given graph of g, state the numbers at which g is discon-
tinuous and explain why.

124	 CHAPTER 2    Limits and Derivatives

2.5  Exercises

	 1.	 �Write an equation that expresses the fact that a function f  is 
continuous at the number 4.

	 2.	 �If f  is continuous on s2`, `d, what can you say about its 
graph?

	 3.	 �(a)	� From the given graph of f , state the numbers at which f  
is discontinuous and explain why.

	� (b)	� For each of the numbers stated in part (a), determine 
whether f  is continuous from the right, or from the left,  
or neither.

y

x_4 2 4 6_2 0

	 4.	 �From the given graph of t, state the numbers at which t is  
discontinuous and explain why.

10_3 _2 2 3

y

x

5– 6  The graph of a function f  is given.
(a)	� At what numbers a does lim x l a  f sxd not exist?
(b)	� At what numbers a is f  not continuous?
(c)	� At what numbers a does lim x l a  f sxd exist but f  is not 

continuous at a ?

	 5.	 y

0 x1

	 6.	 y

0 x1

7 – 10  Sketch the graph of a function f  that is defined on R and 
continuous except for the stated discontinuities.

	 7.	 Removable discontinuity at 22, infinite discontinuity at 2

	 8. 	 �Jump discontinuity at 23, removable discontinuity at 4

	 9.	 Discontinuities at 0 and 3, but continuous from the right at 0 
and from the left at 3

	10.	 �Continuous only from the left at 21, not continuous from the 
left or right at 3

	11.	 �The toll T charged for driving on a certain stretch of a toll 
road is $5 except during rush hours (between 7 am and 10 am 
and between 4 pm and 7 pm) when the toll is $7.

	� (a)	� Sketch a graph of T as a function of the time t, measured 
in hours past midnight.

	� (b)	� Discuss the discontinuities of this function and their 
significance to someone who uses the road.

	12.	 Explain why each function is continuous or discontinuous.
	� (a)	 The temperature at a specific location as a function of 

time
	� (b)	� The temperature at a specific time as a function of the 

distance due west from New York City
	� (c)	� The altitude above sea level as a function of the distance 

due west from New York City
	� (d)	� The cost of a taxi ride as a function of the distance 

traveled
	� (e)	� The current in the circuit for the lights in a room as a 

function of time

13–16  Use the definition of continuity and the properties of limits 
to show that the function is continuous at the given number a.

	13.	 f sxd − 3x 2 1 sx 1 2d5,    a − 21

	14.	 �tstd −
t 2 1 5t

2t 1 1
 ,    a − 2

	15.	 �psvd − 2s3v2 1 1 ,    a − 1

	16.	 f srd − s3 4r 2 2 2r 1 7  ,    a − 22

 17 –18  Use the definition of continuity and the properties of limits 
to show that the function is continuous on the given interval.

	17.	 f sxd − x 1 sx 2 4  ,    f4, `d

	18.	 tsxd −
x 2 1

3x 1 6
,    s2`, 22d

 19– 24  Explain why the function is discontinuous at the given 
number a. Sketch the graph of the function.

	19.	 f sxd −
1

x 1 2
	 a − 22

	20.	 f sxd − H 1

x 1 2

1

    if  x ± 22

    if  x − 22

	 a − 22
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Solution

Example 2: 2.5.6

The graph of a function f is given.
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2.5  Exercises

	 1.	 �Write an equation that expresses the fact that a function f  is 
continuous at the number 4.

	 2.	 �If f  is continuous on s2`, `d, what can you say about its 
graph?

	 3.	 �(a)	� From the given graph of f , state the numbers at which f  
is discontinuous and explain why.

	� (b)	� For each of the numbers stated in part (a), determine 
whether f  is continuous from the right, or from the left,  
or neither.

y

x_4 2 4 6_2 0

	 4.	 �From the given graph of t, state the numbers at which t is  
discontinuous and explain why.

10_3 _2 2 3

y

x

5– 6  The graph of a function f  is given.
(a)	� At what numbers a does lim x l a  f sxd not exist?
(b)	� At what numbers a is f  not continuous?
(c)	� At what numbers a does lim x l a  f sxd exist but f  is not 

continuous at a ?

	 5.	 y

0 x1

	 6.	 y

0 x1

7 – 10  Sketch the graph of a function f  that is defined on R and 
continuous except for the stated discontinuities.

	 7.	 Removable discontinuity at 22, infinite discontinuity at 2

	 8. 	 �Jump discontinuity at 23, removable discontinuity at 4

	 9.	 Discontinuities at 0 and 3, but continuous from the right at 0 
and from the left at 3

	10.	 �Continuous only from the left at 21, not continuous from the 
left or right at 3

	11.	 �The toll T charged for driving on a certain stretch of a toll 
road is $5 except during rush hours (between 7 am and 10 am 
and between 4 pm and 7 pm) when the toll is $7.

	� (a)	� Sketch a graph of T as a function of the time t, measured 
in hours past midnight.

	� (b)	� Discuss the discontinuities of this function and their 
significance to someone who uses the road.

	12.	 Explain why each function is continuous or discontinuous.
	� (a)	 The temperature at a specific location as a function of 

time
	� (b)	� The temperature at a specific time as a function of the 

distance due west from New York City
	� (c)	� The altitude above sea level as a function of the distance 

due west from New York City
	� (d)	� The cost of a taxi ride as a function of the distance 

traveled
	� (e)	� The current in the circuit for the lights in a room as a 

function of time

13–16  Use the definition of continuity and the properties of limits 
to show that the function is continuous at the given number a.

	13.	 f sxd − 3x 2 1 sx 1 2d5,    a − 21

	14.	 �tstd −
t 2 1 5t

2t 1 1
 ,    a − 2

	15.	 �psvd − 2s3v2 1 1 ,    a − 1

	16.	 f srd − s3 4r 2 2 2r 1 7  ,    a − 22

 17 –18  Use the definition of continuity and the properties of limits 
to show that the function is continuous on the given interval.

	17.	 f sxd − x 1 sx 2 4  ,    f4, `d

	18.	 tsxd −
x 2 1

3x 1 6
,    s2`, 22d

 19– 24  Explain why the function is discontinuous at the given 
number a. Sketch the graph of the function.

	19.	 f sxd −
1

x 1 2
	 a − 22

	20.	 f sxd − H 1

x 1 2

1

    if  x ± 22

    if  x − 22

	 a − 22
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a. At what numbers a does lim
x→a

f(x) not exist?

b. At what numbers a is f not continuous?

c. At what numbers a does lim
x→a

f(x) exist but f is not contin-

uous at a?

Solution

2
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Example 3: 2.5.14

Use the definition of continuity and the properties of limits to show
that the function is continuous at the given number a.

g(t) =
t2 + 5t

2t + 1
, a = 2

Solution

Example 4: 2.5.16

Use the definition of continuity and the properties of limits to show
that the function is continuous at the given number a.

f(r) =
3
√
4r2 − 2r + 7 , a = −2

Solution

3
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Example 5: 2.5.20

Explain why the function is discontinuous at the given number a.
Sketch the graph of the function.

f(x) =

⎧⎪⎪
⎨
⎪⎪⎩

1
x+2 ; x ≠ −2

1 ; x = −2
a = −2

Solution

Example 6: 2.5.22

Explain why the function is discontinuous at the given number a.
Sketch the graph of the function.

f(x) =

⎧⎪⎪
⎨
⎪⎪⎩

x2−x
x2−1 ; x ≠ 1

1 ; x = 1
a = 1

Solution

4
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Example 7: 2.5.24

Explain why the function is discontinuous at the given number a.
Sketch the graph of the function.

f(x) =

⎧⎪⎪
⎨
⎪⎪⎩

2x2−5x−3
x−3 ; x ≠ 3

6 ; x = 3
a = 3

Solution

Types of Discontinuity

There are three types of discontinuities: removable, infinite, and jump
discontinuities.

a
x

y

a
x

y

a
x

y

a
x

y

Removable Removable Infinite Jump

lim
x→a

f(x) ≠ f(a) lim
x→a

f(x) = L lim
x→a

f(x) = ∞ lim
x→a− f(x) ≠ lim

x→a+ f(x)

f(a) = und

5



201-SN2-RE Differential Calculus - Mak Sect. 00007

Definition 2: One Sided Continuity

A function f is said to be

� continuous from the right of a if lim
x→a+ f(x) = f(a), and

� continuous from the left of a if lim
x→a− f(x) = f(a)

Example 8: 2.5.44

Find the numbers at which f is discontinuous. At which of these
numbers is f continuous from the right, from the left, or neither?
Sketch the graph of f .

f(x) =

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

2x ; x ⩽ 1

3 − x ; 1 < x ⩽ 4
√
x ; x > 4

Solution

6
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Example 9: 2.5.45

Find the numbers at which f is discontinuous. At which of these
numbers is f continuous from the right, from the left, or neither?
Sketch the graph of f .

f(x) =

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

x + 2 ; x < 0

ex ; 0 ⩽ x ⩽ 1

2 − x ; x > 1

Solution

7
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Continuity on an Interval

Definition 3: Continuity on an Interval

A function f is continuous on an interval if it is continuous at
every number in the interval.

If f is defined only on one side of an endpoint of the interval
then continuous at the endpoint is understood to be a one-sided
continuity.

Example 10: 2.5.17

Use the definition of continuity and the properties of limits to show
that the function is continuous on the given interval.

f(x) = x +
√
x − 4, [4,∞)

Solution

Example 11: 2.5.18

Use the definition of continuity and the properties of limits to show
that the function is continuous on the given interval.

g(x) =
x − 1

3x + 6
, (−∞,−2)

Solution

8
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Continuity, is a fundamental property that allows for the application of
key mathematical theorems (e.g. differentiability, assertion of interme-
diate values, etc).

The following theorems illustrate how properties of continuity follows
from those of limits.

Theorem 1

If f and g are two continuous functions at a and c ∈ R is a constant,
then the following functions are also continuous at a

f + g f − g cf f × g
f

g
; g(a) ≠ 0

Theorem 2

The following types of functions are continuous at every number
in their domains

� Polynomials

� Rational functions

� Root functions

� Trigonometric functions

� Inverse trigonometric functions

� Exponential functions

� Logarithmic functions

Theorem 3

If f is continuous at b and lim
x→a

g(x) = b ⇒ lim
x→a

f(g(x)) = f(b)

That is

lim
x→a

f(g(x)) = f [lim
x→a

g(x)] = f(b)

Theorem 4

If g is continuous at a and f is continuous at g(a), then the com-
posite function

f ○ g = (f ○ g)(x) = f(g(x))

is also continuous at a.

9
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Example 12: 2.5.28

Explain, using Theorems 1,2,3, and 4 , why the function is con-
tinuous at every number in its domain. State the domain.

g(v) =
3v − 1

v2 + 2v − 15

Solution

Example 13: 2.5.30

Explain, using Theorems 1,2,3, and 4 , why the function is con-
tinuous at every number in its domain. State the domain.

B(u) =
√
3u − 2 +

3
√
2u − 3

Solution

10
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Example 14: 2.5.32

Explain, using Theorems 1,2,3, and 4 , why the function is con-
tinuous at every number in its domain. State the domain.

f(t) = e−t
2

ln (1 + t2)

Solution

Example 15: 2.5.34

Explain, using Theorems 1,2,3, and 4 , why the function is con-
tinuous at every number in its domain. State the domain.

g(t) = cos−1 (et − 1)

Solution

11
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Example 16: 2.5.36

Use continuity to evaluate the limit

lim
θ→π/2

sin(tan(cos θ))

Solution

Example 17: 2.5.38

Use continuity to evaluate the limit

lim
x→4

3
√
x2−2x−4

Solution

12
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Example 18: 2.5.48

Find the values of a and b that make f continuous everywhere.

f(x) =

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

x2−4
x−2 if x < 2

ax2 − bx + 3 if 2 ⩽ x < 3

2x − a + b if x ⩾ 3

Solution

13
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The Intermediate Value Theorem

The Intermediate Value Theorem is a mathematical statement concern-
ing the property of a continuous function.

Theorem 5: The Intermediate Value Theorem

Suppose that f is a continuous function on the closed interval
[a, b], and let N be any number between f(a) and f(b) such that
f(a) ≠ f(b). Then, ∃c ∈ (a, b) such that f(c) = N .

122	 CHAPTER 2    Limits and Derivatives

EXAMPLE 9  Where are the following functions continuous?
(a)  hsxd − sinsx 2 d	 (b)  Fsxd − lns1 1 cos xd

SOLUTION 
(a)  We have hsxd − f stsxdd, where

tsxd − x 2        and        f sxd − sin x

We know that t is continuous on R since it is a polynomial, and f  is also continuous 
everywhere. Thus h − f 8 t is continuous on R by Theorem 9.

(b)  We know from Theorem 7 that f sxd − ln x is continuous and tsxd − 1 1 cos x is 
continuous (because both y − 1 and y − cos x are continuous). Therefore, by Theo-
rem 9, Fsxd − f stsxdd is continuous wherever it is defined. The expression ln s1 1 cos xd 
is defined when 1 1 cos x . 0, so it is undefined when cos x − 21, and this happens 
when x − 6�, 63�, . . . . Thus F has discontinuities when x is an odd multiple of � 
and is continuous on the intervals between these values (see Figure 7).� n

■	 The Intermediate Value Theorem
An important property of continuous functions is expressed by the following theorem, 
whose proof is found in more advanced books on calculus.

10   The Intermediate Value Theorem  Suppose that f  is continuous on the 
closed interval fa, bg and let N be any number between f sad and f sbd, where 
f sad ± f sbd. Then there exists a number c in sa, bd such that f scd − N.

The Intermediate Value Theorem states that a continuous function takes on every inter-
mediate value between the function values f sad and f sbd. It is illustrated by Figure 8. Note 
that the value N can be taken on once [as in part (a)] or more than once [as in part (b)].

(b)

0 x

y

f(b)

N

f(a)

a c£ b

y=ƒ

c™c¡

(a)

0 x

y

f(b)

N

f(a)

b

y=ƒ

a c

FIGURE 8

If we think of a continuous function as a function whose graph has no hole or break, 
then it is easy to believe that the Intermediate Value Theorem is true. In geometric terms  
it says that if any horizontal line y − N is given between y − f sad and y − f sbd as in Fig-
ure 9, then the graph of f  can’t jump over the line. It must intersect y − N somewhere.

It is important that the function f  in Theorem 10 be continuous. The Intermediate 
Value Theorem is not true in general for discontinuous functions (see Exercise 52).

2

_6

_10 10 

FIGURE 7   
y − lns1 1 cos xd

b0 x

y

f(a)

N

f(b)

a

y=N

y=ƒ

FIGURE 9 
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In other words, given a smooth, unbroken curve (a continuous function)
that starts at one point and ends at another, then the curve will pass
through every value in between those two points at least once.

Example 19: 2.5.53

f f(x) = x2 + 10 sinx, show that there is a number c such that
f(c) = 1000.

Solution

14
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Example 20: 2.5.56

Use the Intermediate Value Theorem to show that there is a solu-
tion to the given equation in the specified interval.

lnx = x −
√
x ; (2,3)

Solution

Example 21: 2.5.56

Use the Intermediate Value Theorem to show that there is a solu-
tion to the given equation in the specified interval.

sinx = x2 − x ; (1,2)

Solution

15
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