
2.8: The Derivative as a
Function

The derivative of a function at x = a can be computed by

f ′(a) = lim
x→a

f(x) − f(a)

x − a
or f ′(a) = lim

h→0

f(a + h) − f(a)

h

Geometrically, f ′(a) is the slope of the tangent line to the curve of
y = f(x) at (a, f(a)). The derivative represents the instantaneous rate
of change of y with respect to x at the point, x = a.

In both of these formulations the value of a is fixed. In this section, we
examine what happens when the value of a is allowed to change.

Derivative of as a Function

Suppose that f(x) is a function, and we want to calculate the derivative
of f at x. To do so, simply replace a with x in the definition of the
derivative to generate a new formulation.

Definition 1: The Derivative with Respect to x

The derivative of f(x) with respect to x is the function f ′(x)
and is defined as

f ′(x) = lim
h→0

f(x + h) − f(x)

h

We say that f itself is differentiable at x, and that f has a derivative
whenever the limit exists.

Observe that f ′(x)
is a function.
Therefore, it has a
domain and a range.

Remark

◀

The expression above provides a convenient means for calculating the
derivative of the function, at any point in its domain (provided that the
limit exists).

1
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Geometric Interpretation of the First Deriva-
tive of a Function

The derivative of a function is the instantaneous rate of change of y with
respect to x.

The statement ”with
respect to” is often
abbreviated to w.r.t

Remark

◀

Result 1: Intervals of Increasing/Decreasing

Geometrically, the value of f ′(x) tells us whether the function is
increasing, decreasing, or flat at a specific value of x, or on an a
given interval.

f ′(x) > 0 ⇒ f is increasing.

f ′(x) < 0 ⇒ f is decreasing.

f ′(x) = 0 ⇒ f is neither increasing nor decreasing; so it
is flat.

The graphs below show how the derivative of a function, is the slope
of the tangent line to f(x) at a. Observe that whenever the f(x) is
increasing, f ′(x) is above the x−axis. This is because whenever f(x) is
increasing, the slopes of the tangent lines will be positive; and hence,
f ′(x) will be positive. Similarly, whenever f(x) is decreasing; f ′(x) is
below the x−axis.
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SOLUTION  We can estimate the value of the derivative at any value of x by drawing the 
tangent at the point sx, f sxdd and estimating its slope. For instance, for x − 3 we draw a 
tangent at P in Figure 2 and estimate its slope to be about 22

3. (We have drawn a 
triangle to help estimate the slope.) Thus f 9s3d < 22

3 < 20.67 and this allows us to 
plot the point P9s3, 20.67d on the graph of f 9 directly beneath P. (The slope of the 
graph of f  becomes the y-value on the graph of f 9.)
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The slope of the tangent drawn at A appears to be about 21, so we plot the point A9 
with a y-value of 21 on the graph of f 9 (directly beneath A). The tangents at B and D 
are horizontal, so the derivative is 0 there and the graph of f 9 crosses the x-axis (where 
y − 0) at the points B9 and D9, directly beneath B and D. Between B and D, the graph 
of f  is steepest at C and the tangent line there appears to have slope 1, so the largest 
value of f 9sxd between B9 and D9 is 1 (at C9). 

Notice that between B and D the tangents have positive slope, so f 9sxd is positive 
there. (The graph of f 9 is above the x-axis.) But to the right of D the tangents have 
negative slope, so f 9sxd is negative there. (The graph of f 9 is below the x-axis.)� n

EXAMPLE 2 
(a)  If f sxd − x 3 2 x, find a formula for f 9sxd.
(b)  Illustrate this formula by comparing the graphs of f  and f 9.

SOLUTION
(a)  When using Equation 2 to compute a derivative, we must remember that the variable 

FIGURE 2
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Example 1: 2.8.3

Match the graph of each function in (a)-(d) with the graph of its
derivative in I-IV. Give reasons for your choices.

162	 CHAPTER 2    Limits and Derivatives

	 3.	 �Match the graph of each function in (a) – (d) with the graph of 
its derivative in I–IV. Give reasons for your choices.
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4–11  Trace or copy the graph of the given function f. (Assume 
that the axes have equal scales.) Then use the method of  
Example 1 to sketch the graph of f 9 below it.
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	12.	 �Shown is the graph of the population function Pstd for yeast 
cells in a laboratory culture. Use the method of Example 1 to 
graph the derivative P9std. What does the graph of P9 tell us 
about the yeast population?

(yeast cells)

t (hours)

P

0 5 10 15

500

	13.	 �A rechargeable battery is plugged into a charger. The graph 
shows Cstd, the percentage of full capacity that the battery 
reaches as a function of time t elapsed (in hours).

	 (a)	� What is the meaning of the derivative C9std?
	 (b)	� Sketch the graph of C9std. What does the graph tell you?

t (hours)20 4 6 8 10 12

20

40

60

80

100

Percentage
of full charge

C

	14.	 �The graph (from the US Department of Energy) shows  
how driving speed affects gas mileage. Fuel economy F  
is measured in miles per gallon and speed v is measured in 
miles per hour.

	 (a)	� What is the meaning of the derivative F9svd?
	 (b)	� Sketch the graph of F9svd.
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Example 2: 2.8.22

Find the derivative of the function using the definition of deriva-
tive. State the domain of the function and the domain of its deriva-
tive.

f(x) =mx + b

Solution

4
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Example 3: 2.8.24

Find the derivative of the function using the definition of deriva-
tive. State the domain of the function and the domain of its deriva-
tive.

f(x) = 4 + 8x − 5x2

Solution

5
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Example 4: 2.8.28

Find the derivative of the function using the definition of deriva-
tive. State the domain of the function and the domain of its deriva-
tive.

f(v) =
v

v + 2

Solution

6
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Example 5: 2.8.32

Find the derivative of the function using the definition of deriva-
tive. State the domain of the function and the domain of its deriva-
tive.

g(x) =
1

1 +
√
x

Solution

7
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Example 6: 2.8.33

a. Sketch the graph of f(x) = 1 +
√
x + 3 by starting with the

graph of y =
√
x and using transformations.

b. Use the graph from part (a) to sketch the graph of f ′(x).

c. Use the definition of a derivative to find f ′(x).

d. What are the domains of f(x) and f ′(x)?

Solution

8
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Higher Derivatives

Let f be a differentiable function. Then its derivative, f ′, is also a func-
tion. This implies that f ′ may also have a derivative of its own, (provided
that certain conditions are met).

The derivative of f ′ is denoted as f ′′ and is called the second derivative
of f . The same could be said about f ′′ having its own derivative, f ′′′,
and so on.

Notation

The two most frequently used notational systems in calculus are: La-
grange (prime) notation, and Leibniz notation.

Prime notation

y′ = f ′(x) y′′ = f ′′(x) y′′′ = f ′′′(x) y(4) = f (4)(x) ⋯

Leibniz notation

y′ =
dy

dx
y′′ =

d2y

dx2
y′′′ =

d3y

dx3
y(4) =

d4y

dx4
⋯

Geometric Interpretation of the Second
Derivative

The first derivative of a function tells us on what interval(s) the func-
tion is increasing or decreasing.

The second derivative tells us on what interval(s) the function is con-
cave (opening) up or concave (opening) down.

In physics, the higher order derivatives are used to model the movement
of objects. Let s(t), model the displacement of an object at time, t.
Then the

� velocity is the instantaneous rate of change of the displacement
w.r.t time:

v(t) = s′(t) =
ds

dt

� acceleration is the instantaneous rate of change of the velocity w.r.t
time::

a(t) = v′(t) = s′′(t) =
d2s

dt2

� Jerk is the instantaneous rate of change of the acceleration w.r.t
time:

j(t) = a′(t) = v′′(t)s′′′(t) =
d3s

dt3

9
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Example 7

Let f(x) = x3 − 3x. Use the definition of a derivative to find
f ′(x), f ′′(x), and f ′′(x). Then graph on the same axes to see
if your answers are reasonable.

Solution

10
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When is a Function Not Differentiable?

Not all functions are differentiable. A function is differentiable at x = a
iff the limit of

f ′(a) = lim
h→0

f(a + h) − f(a)

h

exists.

A function can fail to be differentiable for several reasons: they can have
a cusp/corner at x = a, be discontinuous at x = a, or have a vertical
tangent line at x = a

	 SECTION 2.8    The Derivative as a Function	 159

A third possibility is that the curve has a vertical tangent line when x − a; that is, f  
is continuous at a and

lim
x l a | f 9sxd | − `

This means that the tangent lines become steeper and steeper as x l a. Figure 6 shows 
one way that this can happen; Figure 7(c) shows another. Figure 7 illustrates the three 
possibilities that we have discussed.

(a) A corner (c) A vertical tangent(b) A discontinuity

x

y

a0 x

y

a0x

y

a0

A graphing calculator or computer provides another way of looking at differenti- 
ability. If f  is differentiable at a, then when we zoom in toward the point sa, f sadd the graph 
straightens out and appears more and more like a line. (See Figure 8. We saw a specific 
example of this in Figure 2.7.2.) But no matter how much we zoom in toward a point like 
the ones in Figures 6 and 7(a), we can’t eliminate the sharp point or corner (see Figure 9). 

x

y

a0x

y

a0

FIGURE 8
f  is differentiable at a.

FIGURE 9
f  is not differentiable at a.

■	 Higher Derivatives
If f  is a differentiable function, then its derivative f 9 is also a function, so f 9 may have a 
derivative of its own, denoted by s f 9d9 − f 0. This new function f 0 is called the second  
derivative of f  because it is the derivative of the derivative of f. Using Leibniz notation, 
we write the second derivative of y − f sxd as

  
d

dx
     S dy

dxD    −    
d 2y

dx 2

derivative 
of

first
derivative

second 
derivative

FIGURE 6 

vertical tangent line

x

y

a0

FIGURE 7
Three ways for f  not to be 

differentiable at a
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Definition 2: Differentiability at x = a

A function f is differentiable at a if f ′(a) exists.

It is differentiable on an open interval (a, b) [or (a,∞), or (−∞, b),
or(−∞,∞)] if it is differentiable at every number in the interval.

Theorem 1

If f is differentiable at a, then f is continuous at a.
The converse is
not true.
Continuity does not
guarantee
differentiability.

Remark

◀

11
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Example 8: 2.8.42

The graph of f is given. State, with reasons, the numbers at which
f is not differentiable.

164	 CHAPTER 2    Limits and Derivatives

	37.	 �The table gives the height as time passes of a typical pine tree 
grown for lumber at a managed site.

Tree age (years) 14 21 28 35 42 49

Height (feet) 41 54 64 72 78 83

Source: Arkansas Forestry Commission

If Hstd is the height of the tree after t years, construct a table 
of estimated values for H9 and sketch its graph.

	38.	 �Water temperature affects the growth rate of brook trout.  
The table shows the amount of weight gained by brook trout 
after 24 days in various water temperatures.

Temperature (°C) 15.5 17.7 20.0 22.4 24.4

Weight gained (g) 37.2 31.0 19.8 9.7 29.8

If Wsxd is the weight gain at temperature x, construct a table 
of estimated values for W9 and sketch its graph. What are the 
units for W9sxd?
Source: Adapted from J. Chadwick Jr., “Temperature Effects on Growth  
and Stress Physiology of Brook Trout: Implications for Climate Change 
Impacts on an Iconic Cold-Water Fish.” Masters Theses. Paper 897. 2012. 
scholarworks.umass.edu/theses/897.

	39.	 �Let P represent the percentage of a city’s electrical  
power that is produced by solar panels t years after  
January 1, 2020.

	 (a)	 What does dPydt represent in this context?
	 (b)	 Interpret the statement 

dP

dt Z
t −2

− 3.5

	40.	 �Suppose N is the number of people in the United States 
who travel by car to another state for a vacation in a  
year when the average price of gasoline is p dollars per  
gallon. Do you expect dNydp to be positive or negative? 
Explain.

41–44  The graph of f  is given. State, with reasons, the numbers 
at which f  is not differentiable.

	41.	

_2 2 x

y

0

	 42.	

2 4 x

y

_2

	43.	

2 4 6 x

y

0

	 44.	

_2 2 4 x

y

0

	45.	 �Graph the function f sxd − x 1 s| x | . Zoom in repeatedly, 
first toward the point (21, 0) and then toward the origin. 
What is different about the behavior of f  in the vicinity of 
these two points? What do you conclude about the differen-
tiability of f  ?

	46.	 �Zoom in toward the points (1, 0), (0, 1), and (21, 0) on the 
graph of the function tsxd − sx 2 2 1d2y3. What do you 
notice? Account for what you see in terms of the differen
tiability of t.

47–48  The graphs of a function f  and its derivative f 9 are shown. 
Which is bigger, f 9s21d or f 99s1d ?

	47.	

1 x

y

0

	48.	

x

y

0 1

	49.	 �The figure shows the graphs of f , f 9, and f 0. Identify each 
curve, and explain your choices.

x

y
a

b

c

;

;
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Solution

Example 9: 2.8.41

The graph of f is given. State, with reasons, the numbers at which
f is not differentiable.
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	37.	 �The table gives the height as time passes of a typical pine tree 
grown for lumber at a managed site.

Tree age (years) 14 21 28 35 42 49

Height (feet) 41 54 64 72 78 83

Source: Arkansas Forestry Commission

If Hstd is the height of the tree after t years, construct a table 
of estimated values for H9 and sketch its graph.

	38.	 �Water temperature affects the growth rate of brook trout.  
The table shows the amount of weight gained by brook trout 
after 24 days in various water temperatures.

Temperature (°C) 15.5 17.7 20.0 22.4 24.4

Weight gained (g) 37.2 31.0 19.8 9.7 29.8

If Wsxd is the weight gain at temperature x, construct a table 
of estimated values for W9 and sketch its graph. What are the 
units for W9sxd?
Source: Adapted from J. Chadwick Jr., “Temperature Effects on Growth  
and Stress Physiology of Brook Trout: Implications for Climate Change 
Impacts on an Iconic Cold-Water Fish.” Masters Theses. Paper 897. 2012. 
scholarworks.umass.edu/theses/897.

	39.	 �Let P represent the percentage of a city’s electrical  
power that is produced by solar panels t years after  
January 1, 2020.

	 (a)	 What does dPydt represent in this context?
	 (b)	 Interpret the statement 

dP

dt Z
t −2

− 3.5

	40.	 �Suppose N is the number of people in the United States 
who travel by car to another state for a vacation in a  
year when the average price of gasoline is p dollars per  
gallon. Do you expect dNydp to be positive or negative? 
Explain.

41–44  The graph of f  is given. State, with reasons, the numbers 
at which f  is not differentiable.

	41.	

_2 2 x

y

0

	 42.	

2 4 x

y

_2

	43.	

2 4 6 x

y

0

	 44.	

_2 2 4 x

y

0

	45.	 �Graph the function f sxd − x 1 s| x | . Zoom in repeatedly, 
first toward the point (21, 0) and then toward the origin. 
What is different about the behavior of f  in the vicinity of 
these two points? What do you conclude about the differen-
tiability of f  ?

	46.	 �Zoom in toward the points (1, 0), (0, 1), and (21, 0) on the 
graph of the function tsxd − sx 2 2 1d2y3. What do you 
notice? Account for what you see in terms of the differen
tiability of t.

47–48  The graphs of a function f  and its derivative f 9 are shown. 
Which is bigger, f 9s21d or f 99s1d ?

	47.	

1 x

y

0

	48.	

x

y

0 1

	49.	 �The figure shows the graphs of f , f 9, and f 0. Identify each 
curve, and explain your choices.

x

y
a

b

c

;

;
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Example 10: 2.8.47

The graphs of a function f and its derivative f ′(x) are shown.
Which is bigger, f(1) or f ′(1) ?
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	37.	 �The table gives the height as time passes of a typical pine tree 
grown for lumber at a managed site.

Tree age (years) 14 21 28 35 42 49

Height (feet) 41 54 64 72 78 83

Source: Arkansas Forestry Commission

If Hstd is the height of the tree after t years, construct a table 
of estimated values for H9 and sketch its graph.

	38.	 �Water temperature affects the growth rate of brook trout.  
The table shows the amount of weight gained by brook trout 
after 24 days in various water temperatures.

Temperature (°C) 15.5 17.7 20.0 22.4 24.4

Weight gained (g) 37.2 31.0 19.8 9.7 29.8

If Wsxd is the weight gain at temperature x, construct a table 
of estimated values for W9 and sketch its graph. What are the 
units for W9sxd?
Source: Adapted from J. Chadwick Jr., “Temperature Effects on Growth  
and Stress Physiology of Brook Trout: Implications for Climate Change 
Impacts on an Iconic Cold-Water Fish.” Masters Theses. Paper 897. 2012. 
scholarworks.umass.edu/theses/897.

	39.	 �Let P represent the percentage of a city’s electrical  
power that is produced by solar panels t years after  
January 1, 2020.

	 (a)	 What does dPydt represent in this context?
	 (b)	 Interpret the statement 

dP

dt Z
t −2

− 3.5

	40.	 �Suppose N is the number of people in the United States 
who travel by car to another state for a vacation in a  
year when the average price of gasoline is p dollars per  
gallon. Do you expect dNydp to be positive or negative? 
Explain.

41–44  The graph of f  is given. State, with reasons, the numbers 
at which f  is not differentiable.

	41.	

_2 2 x

y

0

	 42.	

2 4 x

y

_2

	43.	

2 4 6 x

y

0

	 44.	

_2 2 4 x

y

0

	45.	 �Graph the function f sxd − x 1 s| x | . Zoom in repeatedly, 
first toward the point (21, 0) and then toward the origin. 
What is different about the behavior of f  in the vicinity of 
these two points? What do you conclude about the differen-
tiability of f  ?

	46.	 �Zoom in toward the points (1, 0), (0, 1), and (21, 0) on the 
graph of the function tsxd − sx 2 2 1d2y3. What do you 
notice? Account for what you see in terms of the differen
tiability of t.

47–48  The graphs of a function f  and its derivative f 9 are shown. 
Which is bigger, f 9s21d or f 99s1d ?

	47.	

1 x

y

0

	48.	

x

y

0 1

	49.	 �The figure shows the graphs of f , f 9, and f 0. Identify each 
curve, and explain your choices.

x

y
a

b

c

;

;
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Example 11: 2.8.48

The graphs of a function f and its derivative f ′(x) are shown.
Which is bigger, f(1) or f ′(1) ?
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	37.	 �The table gives the height as time passes of a typical pine tree 
grown for lumber at a managed site.

Tree age (years) 14 21 28 35 42 49

Height (feet) 41 54 64 72 78 83

Source: Arkansas Forestry Commission

If Hstd is the height of the tree after t years, construct a table 
of estimated values for H9 and sketch its graph.

	38.	 �Water temperature affects the growth rate of brook trout.  
The table shows the amount of weight gained by brook trout 
after 24 days in various water temperatures.

Temperature (°C) 15.5 17.7 20.0 22.4 24.4

Weight gained (g) 37.2 31.0 19.8 9.7 29.8

If Wsxd is the weight gain at temperature x, construct a table 
of estimated values for W9 and sketch its graph. What are the 
units for W9sxd?
Source: Adapted from J. Chadwick Jr., “Temperature Effects on Growth  
and Stress Physiology of Brook Trout: Implications for Climate Change 
Impacts on an Iconic Cold-Water Fish.” Masters Theses. Paper 897. 2012. 
scholarworks.umass.edu/theses/897.

	39.	 �Let P represent the percentage of a city’s electrical  
power that is produced by solar panels t years after  
January 1, 2020.

	 (a)	 What does dPydt represent in this context?
	 (b)	 Interpret the statement 

dP

dt Z
t −2

− 3.5

	40.	 �Suppose N is the number of people in the United States 
who travel by car to another state for a vacation in a  
year when the average price of gasoline is p dollars per  
gallon. Do you expect dNydp to be positive or negative? 
Explain.

41–44  The graph of f  is given. State, with reasons, the numbers 
at which f  is not differentiable.

	41.	

_2 2 x

y

0

	 42.	

2 4 x

y

_2

	43.	

2 4 6 x

y

0

	 44.	

_2 2 4 x

y

0

	45.	 �Graph the function f sxd − x 1 s| x | . Zoom in repeatedly, 
first toward the point (21, 0) and then toward the origin. 
What is different about the behavior of f  in the vicinity of 
these two points? What do you conclude about the differen-
tiability of f  ?

	46.	 �Zoom in toward the points (1, 0), (0, 1), and (21, 0) on the 
graph of the function tsxd − sx 2 2 1d2y3. What do you 
notice? Account for what you see in terms of the differen
tiability of t.

47–48  The graphs of a function f  and its derivative f 9 are shown. 
Which is bigger, f 9s21d or f 99s1d ?

	47.	

1 x

y

0

	48.	

x

y

0 1

	49.	 �The figure shows the graphs of f , f 9, and f 0. Identify each 
curve, and explain your choices.

x

y
a

b

c

;

;
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201-SN2-RE Differential Calculus - Mak Sect. 00007

Example 12: 2.8.58

a. If g(x) = x2/3 show that g′(0) does not exist.

b. If a ≠ 0 find g′(a)

c. Show that g(x) = x2/3 has a vertical tangent line at (0,0)

d. Illustrate part(c) by sketching a graph of g(x) = x2/3

Solution
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Example 13

Determine if f(x) = ∣x∣ is differentiable at x = 0. Sketch both f(x)
and f ′(x)

Solution
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Example 14: 2.8.62

a. Sketch the graph of the function f(x) = x + ∣x∣.

b. For what values of x is f(x) differentiable?

c. Find a formula for f ′.

Solution

16


