
1.1 Four Ways to Represent a
Function

Functions are widely used in science and mathematics. Whenever we
want to describe the relationship between several quantities or model
the behaviours observed in a system, we use functions to achieve that.

Functions and Calculus

Calculus is the study of how things change. Before calculus was invented,
all math was static. This meant that it could only be used to calculate
objects which were perfectly still.

But the world is constantly moving - from the stars and planets in the
solar system, to the blood pulsing through your veins - static mathe-
matics was simply inadequate to model systems which undergo constant
change. To address this issue, the theory of calculus was developed. The
most basic objects that we deal with in calculus are functions.

Functions are idealizations of how one quantity changes in relation to
another quantity. For example, to describe

� the position of a planet as a function time

� the resale value of car in relation to the number of kilometres it
has been driven

� the performance of the stock market as a measure of investors’
confidence

Intuitively, a function is a process that associates an element from one
set to an element in another set. Here is a more formal definition

Definition 1: Function

A function, f , is a rule that assigns to each element x in a set D,
exactly one element, called f(x), in set E.

Typically, these mappings are illustrated with arrow diagrams. In the
picture below, the element x from set D is associated with the element
f(x), in E; the element a is associated with f(a), and so on.
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throughout the domain. A symbol that represents an arbitrary number in the domain of a 
function f  is called an independent variable. A symbol that represents a number in the 
range of f  is called a dependent variable. In Example A, for instance, r is the indepen-
dent variable and A is the dependent variable.

It’s helpful to think of a function as a machine (see Figure 2). If x is in the domain of 
the function f, then when x enters the machine, it’s accepted as an input and the machine 
produces an output f sxd according to the rule of the function. So we can think of the 
domain as the set of all possible inputs and the range as the set of all possible outputs. 
The preprogrammed functions in a calculator are good examples of a function as a 
machine. For example, if you input a number and press the squaring key, the calculator 
displays the output, the square of the input.

Another way to picture a function is by an arrow diagram as in Figure 3. Each arrow 
connects an element of D to an element of E. The arrow indicates that f sxd is associated 
with x, f sad is associated with a, and so on.

Perhaps the most useful method for visualizing a function is its graph. If f  is a func-
tion with domain D, then its graph is the set of ordered pairs

hsx, f sxdd | x [ Dj

(Notice that these are input-output pairs.) In other words, the graph of f  consists of all 
points sx, yd in the coordinate plane such that y − f sxd and x is in the domain of f.

The graph of a function f  gives us a useful picture of the behavior or “life history” of 
a function. Since the y-coordinate of any point sx, yd on the graph is y − f sxd, we can 
read the value of f sxd from the graph as being the height of the graph above the point x. 
(See Figure 4.) The graph of f  also allows us to picture the domain of f  on the x-axis and 
its range on the y-axis as in Figure 5.
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EXAMPLE 1�  The graph of a function f  is shown in Figure 6.
(a)	 Find the values of f s1d and f s5d.
(b)	 What are the domain and range of f ?

SOLUTION
(a)  We see from Figure 6 that the point s1, 3d lies on the graph of f, so the value of f   
at 1 is f s1d − 3. (In other words, the point on the graph that lies above x − 1 is 3 units 
above the x-axis.)

When x − 5, the graph lies about 0.7 units below the x-axis, so we estimate that 
f s5d < 20.7.

(b)  We see that f sxd is defined when 0 < x < 7, so the domain of f  is the closed 
interval f0, 7g. Notice that f  takes on all values from 22 to 4, so the range of f  is

	 hy | 22 < y < 4j − f22, 4g� ■
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The notation for intervals is given in 
Appendix A.
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Definition 2: Domain

Set D is called the domain of the function. It is the set of all
values for which the function is defined.

Definition 3: Range

Set E is called the range of the function. This is the set of all val-
ues that the function can take on or assumes based on its domain.

In this course, it is
extremely important
that you be able to
state or work out
the domain of a
function simply by
looking at its
algebraic form.
Being able to do this
for the range is not
so important; but
for a small class of
functions you should
be able to do so;
especially when
presented with a
graph.

Remark

◀

It is helpful to think of functions as machines; one that accepts inputs
labelled as, x, and produces outputs labelled as, f(x), according to some
rule, f .

fx

input

f(x)

output

So in this analogy, the domain of the function, is the set of all values
that the machine can accept, and the range is the set of all values that
the machine can produce.

Lastly, in the language of mathematics, the input and output values of
a function are formally defined as follows.

Definition 4: Independent and Dependent Variables

The letter x is called the independent variable or argument of
the function, and f(x) is called the dependent variable or value
of the function.

Although it is
customary to denote
functions with the
letters f, g, and h,
other letters and
symbols can also be
used (e.g.
Φ,Γ, ξ, . . . ). The
same can be said
about the letters
used to designate
independent
variables (i.e. a
function’s argument
need not be called
’x’, other labels
maybe used in its
place).

Remark

◀

Four Ways To Represent a
Function

A function is a way of matching members from one set to another. There
are four ways to represent this matching process: verbally (with a writ-
ten description), numerically (with a table of values),visually (with a
graph), and algebraically (with an equation).

Being able to covert a function between each of these forms, is an impor-
tant skill in algebra and calculus; because additional information about
the function can be gained from its different representations.

� Verbal Representation

2
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– When modelling a process mathematically, we always begin
with a verbal description of the of problem.In this course, you
will encounter verbal descriptions of functions in the form of
word problems.

� Numerical Representation

– In this representation, information about the mappings are
conveyed through sets of ordered pairs. The ordered pairs
can either be enumerated in a list, or presented in a table;
which in turn can be used to produce a graphical or visual
representation of the function

� Visual Representation

– This involves modelling a function in a dimensional overlay
(ie. plotting the ordered pairs in a Cartesian plane). A visual
or graphical representation of a function provides us with the
ability to study and analyse a function’s behaviour.

� Algebraic Representation

– This is the most common, most concise, and most powerful
way to represent functions. The algebraic form of a function,
is the mapping or rule of assignment made explicit with a
formula, and is the most efficient means of determining the
function’s image given some argument.

The Graph of a Function

The most common way to visualize a function is with a graph. Below is
the technical definition for the graph of a function.

Definition 5: Graph

If f is a function with domain D, then its graph is the set of all
ordered pairs

{(x, f(x)) ∣x ∈D }

Simply put, when the domain and the range of a function are sets of real
numbers, each pair (x, f(x)) = (x, y) can be thought of as the Cartesian
coordinates of a point in the plane. If all ordered pairs of the function
are plotted in the plane, then resulting image is the graph of f .

The graph of a function, allows us to interpret f(x) geometrically as the
height of the function above the point at x. It also organizes the values of
the domain along the x−axis and the values of the range along the y−axis.
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	 SECTION 1.1    Four Ways to Represent a Function	 9

throughout the domain. A symbol that represents an arbitrary number in the domain of a 
function f  is called an independent variable. A symbol that represents a number in the 
range of f  is called a dependent variable. In Example A, for instance, r is the indepen-
dent variable and A is the dependent variable.

It’s helpful to think of a function as a machine (see Figure 2). If x is in the domain of 
the function f, then when x enters the machine, it’s accepted as an input and the machine 
produces an output f sxd according to the rule of the function. So we can think of the 
domain as the set of all possible inputs and the range as the set of all possible outputs. 
The preprogrammed functions in a calculator are good examples of a function as a 
machine. For example, if you input a number and press the squaring key, the calculator 
displays the output, the square of the input.

Another way to picture a function is by an arrow diagram as in Figure 3. Each arrow 
connects an element of D to an element of E. The arrow indicates that f sxd is associated 
with x, f sad is associated with a, and so on.

Perhaps the most useful method for visualizing a function is its graph. If f  is a func-
tion with domain D, then its graph is the set of ordered pairs

hsx, f sxdd | x [ Dj

(Notice that these are input-output pairs.) In other words, the graph of f  consists of all 
points sx, yd in the coordinate plane such that y − f sxd and x is in the domain of f.

The graph of a function f  gives us a useful picture of the behavior or “life history” of 
a function. Since the y-coordinate of any point sx, yd on the graph is y − f sxd, we can 
read the value of f sxd from the graph as being the height of the graph above the point x. 
(See Figure 4.) The graph of f  also allows us to picture the domain of f  on the x-axis and 
its range on the y-axis as in Figure 5.
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EXAMPLE 1�  The graph of a function f  is shown in Figure 6.
(a)	 Find the values of f s1d and f s5d.
(b)	 What are the domain and range of f ?

SOLUTION
(a)  We see from Figure 6 that the point s1, 3d lies on the graph of f, so the value of f   
at 1 is f s1d − 3. (In other words, the point on the graph that lies above x − 1 is 3 units 
above the x-axis.)

When x − 5, the graph lies about 0.7 units below the x-axis, so we estimate that 
f s5d < 20.7.

(b)  We see that f sxd is defined when 0 < x < 7, so the domain of f  is the closed 
interval f0, 7g. Notice that f  takes on all values from 22 to 4, so the range of f  is

	 hy | 22 < y < 4j − f22, 4g� ■
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The notation for intervals is given in 
Appendix A.
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The graph also reveals the short term and long term behaviour of the
function; i.e. intervals for which the function is increasing or decreasing,
continuous or discontinuous, etc.

Definition 6: Intervals of Increasing and Decreasing

function f is called increasing on an interval I if f(x1) < f(x2)

whenever x1 < x2 in I and said to be decreasing on I if f(x1) >

f(x2) whenever x1 < x2 in I.
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a and b with x1 , x2, then f sx1 d , f sx2 d. We use this as the defining property of an 
increasing function.
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A function f  is called increasing on an interval I if

f sx1d , f sx2d    whenever x1 , x2 in I

It is called decreasing on I if

f sx1d . f sx2d    whenever x1 , x2 in I

In the definition of an increasing function it is important to realize that the inequality 
f sx1 d , f sx 2 d must be satisfied for every pair of numbers x1 and x 2 in I with x1 , x 2.

You can see from Figure 23 that the function f sxd − x 2 is decreasing on the interval 
s2`, 0g and increasing on the interval f0, `d.
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1.1  Exercises

	 1.	 ��If f sxd − x 1 s2 2 x  and tsud − u 1 s2 2 u , is it true  
that f − t ?

	 2.	 ��If

f sxd −
x 2 2 x

x 2 1
        and        tsxd − x

is it true that f − t ?

	 3.	 ��The graph of a function t is given.

	 (a)	 State the values of ts�2d, ts0d, ts2d, and ts3d.
	 (b)	 For what value(s) of x is tsxd − 3 ?

	 (c)	 For what value(s) of x is tsxd ⩽ 3 ?

	 (d)	 State the domain and range of t.

	 (e)	 On what interval(s) is t increasing?
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	 4.	 The graphs of f  and t are given.

	 (a)	 State the values of f s24d and ts3d.
	 (b)	 Which is larger, f s23d or ts�3d ?
	 (c)	 For what values of x is f sxd − tsxd ?
	 (d)	 On what interval(s) is f sxd ⩽ tsxd ?
	 (e)	 State the solution of the equation f sxd − 21.

	 (f )	 On what interval(s) is t decreasing?

	 (g)	 State the domain and range of f.

	 (h)	 State the domain and range of t.
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	 5.	 ��Figure 1 was recorded by an instrument operated by the  
California Department of Mines and Geology at the  
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So in the graph above, the function f is increasing on the intervals
[a, b] ∪ [c, d] and decreasing on [b, c]
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Example 1: 1.1.3

The graph of the function f is given below.

	 SECTION 1.1    Four Ways to Represent a Function	 9

throughout the domain. A symbol that represents an arbitrary number in the domain of a 
function f  is called an independent variable. A symbol that represents a number in the 
range of f  is called a dependent variable. In Example A, for instance, r is the indepen-
dent variable and A is the dependent variable.

It’s helpful to think of a function as a machine (see Figure 2). If x is in the domain of 
the function f, then when x enters the machine, it’s accepted as an input and the machine 
produces an output f sxd according to the rule of the function. So we can think of the 
domain as the set of all possible inputs and the range as the set of all possible outputs. 
The preprogrammed functions in a calculator are good examples of a function as a 
machine. For example, if you input a number and press the squaring key, the calculator 
displays the output, the square of the input.

Another way to picture a function is by an arrow diagram as in Figure 3. Each arrow 
connects an element of D to an element of E. The arrow indicates that f sxd is associated 
with x, f sad is associated with a, and so on.

Perhaps the most useful method for visualizing a function is its graph. If f  is a func-
tion with domain D, then its graph is the set of ordered pairs

hsx, f sxdd | x [ Dj

(Notice that these are input-output pairs.) In other words, the graph of f  consists of all 
points sx, yd in the coordinate plane such that y − f sxd and x is in the domain of f.

The graph of a function f  gives us a useful picture of the behavior or “life history” of 
a function. Since the y-coordinate of any point sx, yd on the graph is y − f sxd, we can 
read the value of f sxd from the graph as being the height of the graph above the point x. 
(See Figure 4.) The graph of f  also allows us to picture the domain of f  on the x-axis and 
its range on the y-axis as in Figure 5.
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EXAMPLE 1�  The graph of a function f  is shown in Figure 6.
(a)	 Find the values of f s1d and f s5d.
(b)	 What are the domain and range of f ?

SOLUTION
(a)  We see from Figure 6 that the point s1, 3d lies on the graph of f, so the value of f   
at 1 is f s1d − 3. (In other words, the point on the graph that lies above x − 1 is 3 units 
above the x-axis.)

When x − 5, the graph lies about 0.7 units below the x-axis, so we estimate that 
f s5d < 20.7.

(b)  We see that f sxd is defined when 0 < x < 7, so the domain of f  is the closed 
interval f0, 7g. Notice that f  takes on all values from 22 to 4, so the range of f  is

	 hy | 22 < y < 4j − f22, 4g� ■
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The notation for intervals is given in 
Appendix A.
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a. Find the values of f(0), f(2), f(6) and f(7)

b. What is the domain and range of f?

c. State the interval(s) on which f is decreasing.

d. State the interval(s) for which the function is increasing.

Solution

5
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Example 2: 1.1.4

The graphs of f and g are given.

	 SECTION 1.1    Four Ways to Represent a Function	 17

a and b with x1 , x2, then f sx1 d , f sx2 d. We use this as the defining property of an 
increasing function.
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A function f  is called increasing on an interval I if

f sx1d , f sx2d    whenever x1 , x2 in I

It is called decreasing on I if

f sx1d . f sx2d    whenever x1 , x2 in I

In the definition of an increasing function it is important to realize that the inequality 
f sx1 d , f sx 2 d must be satisfied for every pair of numbers x1 and x 2 in I with x1 , x 2.

You can see from Figure 23 that the function f sxd − x 2 is decreasing on the interval 
s2`, 0g and increasing on the interval f0, `d.
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1.1  Exercises

	 1.	 ��If f sxd − x 1 s2 2 x  and tsud − u 1 s2 2 u , is it true  
that f − t ?

	 2.	 ��If

f sxd −
x 2 2 x

x 2 1
        and        tsxd − x

is it true that f − t ?

	 3.	 ��The graph of a function t is given.

	 (a)	 State the values of ts�2d, ts0d, ts2d, and ts3d.
	 (b)	 For what value(s) of x is tsxd − 3 ?

	 (c)	 For what value(s) of x is tsxd ⩽ 3 ?

	 (d)	 State the domain and range of t.

	 (e)	 On what interval(s) is t increasing?
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	 4.	 The graphs of f  and t are given.

	 (a)	 State the values of f s24d and ts3d.
	 (b)	 Which is larger, f s23d or ts�3d ?
	 (c)	 For what values of x is f sxd − tsxd ?
	 (d)	 On what interval(s) is f sxd ⩽ tsxd ?
	 (e)	 State the solution of the equation f sxd − 21.

	 (f )	 On what interval(s) is t decreasing?

	 (g)	 State the domain and range of f.

	 (h)	 State the domain and range of t.
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	 5.	 ��Figure 1 was recorded by an instrument operated by the  
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a. State the values of f(−4) and g(3).

b. Which is larger, f(−3) or g(−3)?

c. For what values of x is f(x) = g(x)?

d. On what interval(s) is f(x) ≤ g(x)?

e. State the solution of the equation f(x) = −1

f. On what interval(s) is g decreasing?

g. State the domain and range of f .

h. State the domain and range of g.

Solution
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Example 3

The graphs of f and g are given.

	 SECTION 2.3    Calculating Limits Using the Limit Laws	 95

Limit Laws  Suppose that c is a constant and the limits

lim
x l a

 f sxd        and        lim
x l a

 tsxd

exist. Then

1.	 lim
x l a

 f f sxd 1 tsxdg − lim
x l a

 f sxd 1 lim
x l a

 tsxd

2.	 lim
x l a

 f f sxd 2 tsxdg − lim
x l a

 f sxd 2 lim
x l a

 tsxd

3.	 lim
x l a

 fcf sxdg − c lim
x l a

 f sxd

4.	 lim
x l a

 f f sxd tsxdg − lim
x l a

 f sxd ? lim
x l a

 tsxd

5.	 lim
x l a

 
 f sxd
tsxd

−
lim
x l a 

f sxd

lim
x l a

 tsxd
    if lim

x l a

 tsxd ± 0

These five laws can be stated verbally as follows:

1.	 The limit of a sum is the sum of the limits.

2.	 The limit of a difference is the difference of the limits.

3.	 The limit of a constant times a function is the constant times the limit of the  
function.

4.	 The limit of a product is the product of the limits.

5.	 The limit of a quotient is the quotient of the limits (provided that the limit of  
the denominator is not 0).

It is easy to believe that these properties are true. For instance, if f sxd is close to L and 
tsxd is close to M, it is reasonable to conclude that f sxd 1 tsxd is close to L 1 M. This 
gives us an intuitive basis for believing that Law 1 is true. In Section 2.4 we give a pre-
cise definition of a limit and use it to prove this law. The proofs of the remaining laws are 
given in Appendix F.

EXAMPLE 1  Use the Limit Laws and the graphs of f  and t in Figure 1 to evaluate the 
following limits, if they exist.

(a)  lim
x l 22

 f f sxd 1 5tsxdg            (b)  lim
x l 1

 f f sxdtsxdg            (c)  lim
x l 2

 
 f sxd
tsxd

SOLUTION   
(a)  From the graphs of f  and t we see that

lim
x l 22

 f sxd − 1        and        lim
x l 22

 tsxd − 21

Therefore we have

 lim
x l 22

 f f sxd 1 5tsxdg − lim
x l 22

 f sxd 1 lim
x l 22

 f5tsxdg        (by Limit Law 1)

 − lim
x l 22

 f sxd 1 5 lim
x l 22

 tsxd         (by Limit Law 3)

 − 1 1 5s21d − 24

Sum Law

Difference Law

Constant Multiple Law

Product Law

Quotient Law

x

y

0

f

g
1

1

FIGURE 1 
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a. State the values of f(1) and g(1).

b. Which is larger, f(−2) or g(−2)?

c. On what interval(s) is g(x) increasing?

d. On what interval(s) is f(x) ≥ g(x)?

e. State the solution to the equation g(x) = 0

f. State the domain and range of f .

g. State the domain and range of g.

Solution
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Example 4: 1.1.72

A Norman window has the shape of a rectangle surmounted by a
semicircle. If the perimeter of the window is 30 ft, express the area
A of the window as a function of the width x of the window.

20	 CHAPTER 1    Functions and Models

39–46  Find the domain of the function.

	39.	 f sxd −
x 1 4

x 2 2 9
	 40.	 f sxd −

x 2 1 1

x 2 1 4x 2 21

	41.	 f std − s3 2t 2 1 	 42.	 tstd − s3 2 t 2 s2 1 t 

	43.	 hsxd −
1

s4 x 2 2 5x 
	 44.	 f sud −

u 1 1

1 1
1

u 1 1

	45.	 Fspd − s2 2 sp  	 46.	 hsxd − sx 2 2 4x 2 5

	47.	 ��Find the domain and range and sketch the graph of the  
function hsxd − s4 2 x 2 .

	48.	 Find the domain and sketch the graph of the function 

f sxd −
x 2 2 4

x 2 2

49–52  Evaluate f s23d, f s0d, and f s2d for the piecewise defined 
function. Then sketch the graph of the function.

	49.	 f sxd − Hx 2 1 2

x

if  x , 0

if  x > 0

	50.	 f sxd − H5
1
2 x 2 3

if  x , 2

if  x > 2

	51.	 f sxd − Hx 1 1

x 2

if  x < 21

if  x . 21

	52.	 f sxd − H21

7 2 2x

if  x < 1

if  x . 1

53–58  �Sketch the graph of the function.

	53.	 f sxd − x 1 | x |	 54.	 f sxd − | x 1 2 |
	55.	 tstd − |1 2 3t |	 56.	 f sxd −

| x |
x

	57.	 f sxd − H| x |
1

if  | x | < 1

if  | x | . 1

	58.	 tsxd − || x | 2 1|

59–64  �Find a formula for the function whose graph is the given 
curve.

	59.	 ��The line segment joining the points s1, 23d and s5, 7d

	60.	 ��The line segment joining the points s25, 10d and s7, 210d

	61.	 ��The bottom half of the parabola x 1 sy 2 1d2 − 0

	62.	 ��The top half of the circle x 2 1 sy 2 2d2 − 4

	63.  y

0 x

1

1

	 64.	 y

0 x

1

1

65–70  Find a formula for the described function and state its domain.

	65.	 ��A rectangle has perimeter 20 m. Express the area of the rect-
angle as a function of the length of one of its sides.

	66.	 ��A rectangle has area 16 m2. Express the perimeter of the rect
angle as a function of the length of one of its sides.

	67.	 ��Express the area of an equilateral triangle as a function of the 
length of a side.

	68.	 ��A closed rectangular box with volume 8 ft3 has length twice the 
width. Express the height of the box as a function of the width.

	69.	 ��An open rectangular box with volume 2 m3 has a square base. 
Express the surface area of the box as a function of the length 
of a side of the base.

	70.	 A right circular cylinder has volume 25 in3. Express the  
radius of the cylinder as a function of the height.

	71.	 ��A box with an open top is to be constructed from a rectan
gular piece of cardboard with dimensions 12 in. by 20 in. 
by cutting out equal squares of side x at each corner  
and then folding up the sides as in the figure. Express the 
volume V of the box as a function of x.

20

12
x

x

x

x

x x

x x

	72.	 ��A Norman window has the shape of a rectangle surmounted 
by a semicircle. If the perimeter of the window is 30 ft, 
express the area A of the window as a function of the width x 
of the window.

x
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Solution

Example 5: 1.1.69

An open rectangular box with with volume 2m3 has a square base.
Express the surface area of the box as a function of the length of
a side of the base.

Solution

8
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Example 6: 1.1.33

Let
f(x) = 3x2

− x + 2

Compute the following and simplify your answer

a. f(2)

b. f(−5)

c. f(a)

d. 2f(a)

e. f(2a)

Solution

9
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Example 7

Let
g(x) =

√

9x2
+ 4

Compute the following and simplify your answer

a. g(0)

b. g(a2)

c. [g(a)]2

d. g(a + h)

e. g(5 − a)

Solution

10
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Difference quotients are a measure of the average rate of change of a
functions over an interval. These will be treated in more detail when we
discuss the tangent line to a curve. For now, consider this as ’practicing’
your algebra skills.

Example 8

Suppose that f(x) = 2x − 5 and h ≠ 0, evaluate the difference
quotient

f(a + h) − f(a)

h

and simplify your answer.

Solution

11
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Note: In this set of examples, domains for simple functions will be
shown. Advanced techniques to determine the domain of more compli-
cated functions will be covered in Lecture 2.

Example 9

Find the domain of the function, and report your answer using
interval notation.

a. f(x) =
1

x

b. g(x) =
2

x − 3

c. h(x) =
x − 5

x + 10

d. k(x) =
x + 4

x2
− 25

Solution

12
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Example 10

Find the domain of the function, and report your answer using
interval notation.

a. f(x) =
√

x

b. g(x) =
√

2 + x

c. h(x) = 4
√

4 − x

d. k(x) = 6
√

2x − 10

Solution

13
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Example 11

Find the domain of the function, and report your answer using
interval notation.

a. f(x) = 3
√

x

b. g(x) = 5
√

7 + x

c. h(x) = 9
√

1 − 2x

Solution

14


