
1.1 Four Ways to Represent a
Function (Cont’d)

The Domain of A Function

Being able to determine the domain of a function is a crucial skill in
calculus, because it gives you the capability to assess where a function
is properly defined. Since each function is different, there is no “one size
fits all” strategy which can be deployed across all functions to compute
their domains. However, for the vast majority of functions, this can be
resolved by ensuring that values which lead to:

� division by zero

� negative values under an even root

are excluded from the domain.

Example 1: 1.1.39

Compute the domain for f(x) =
x + 4

x2
− 9

Solution

Example 2: 1.1.40

Compute the domain for f(x) =
x2
+ 1

x2
+ 4x − 21

Solution

1
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Example 3

Compute the domain for f(x) =
2x2
+ 5x + 3

10 − 3x − x2

Solution

Example 4: 1.1.42

Compute the domain for g(t) =
√

3 − t −
√

2 + t

Solution

Example 5: 1.1.44

Compute the domain for f(x) =
x + 1

1 − 1
x+1

Solution

2
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Example 6

Compute the domain for g(x) = 4
√

2x + 5 + 3
√

x − 9

Solution

Example 7

Compute the domain for g(x) =
√

x − 10 −
√

x − 5 + x2

Solution

Example 8

Compute the domain for h(x) =
1

x − 9
−

√

x

Solution

3
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Example 9

Find the domain for k(x) =

√

4 − x

x2
− 4x − 12

.

Solution

Techniques For Finding Domains of Harder
Functions

In the next few examples, we will show how to find the domain of func-
tions for which the expression in the radicand are nonlinear. Working
out the domains of these functions require a two-pronged approach:

1. Determining the zeros of the expression, and if required, values
which result in division by zero.

2. Ascertaining the sign (+/−) of the argument by directly plugging
in the values which occur before and after the zeros into the ex-
pression.

Example 10

Find the domain for f(x) =
√

x2
− 16.

Solution
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Example 11

Find the domain for f(x) = 4

√

x − 1

(x − 3)(x + 5)

Solution

Graphs

The graph of a function often reveals properties of the function which
are not always apparent from it algebraic form. For example, on which
intervals the function is increasing/decreasing on; if it is continuous on
its entire domain or not; if it possesses symmetry about the y−axis or
about the origin; and so on.

The Vertical Line Test

In mathematics, the vertical line test is a visual way to determine if a
curve is a graph of a function or not.

Theorem: The Vertical Line Test

A curve in the xy−plane is the graph of a function if and only if
no vertical line intersects the curve more than once.
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following domain convention: the domain of the function is the set of all inputs for 
which the formula makes sense and gives a real-number output.

EXAMPLE 6�  Find the domain of each function.

(a)  f sxd − sx 1 2                   (b)  tsxd −
1

x 2 2 x

SOLUTION
(a)  Because the square root of a negative number is not defined (as a real number),  
the domain of f  consists of all values of x such that x 1 2 > 0. This is equivalent to 
x > 22, so the domain is the interval f22, `d.
(b)  Since

tsxd −
1

x 2 2 x
−

1

xsx 2 1d

and division by 0 is not allowed, we see that tsxd is not defined when x − 0 or x − 1. 
So the domain of t is

hx | x ± 0, x ± 1j

which could also be written in interval notation as

	 s2`, 0d ø s0, 1d ø s1, `d� ■

■	 Which Rules Define Functions?
Not every equation defines a function. The equation y − x 2 defines y as a function of x 
because the equation determines exactly one value of y for each value of x. However, the 
equation y 2 − x does not define y as a function of x because some input values x corre-
spond to more than one output y; for instance, for the input x − 4 the equation gives the 
outputs y − 2 and y − �2. 

Similarly, not every table defines a function. Table 3 defined C as a function of w — each 
package weight w corresponds to exactly one mailing cost. On the other hand, Table 4 does 
not define y as a function of x because some input values x in the table correspond to more 
than one output y; for instance, the input x − 5 gives the outputs y − 7 and y − 8.

Table 4

x 2 4 5 5 6

y 3 6 7 8 9

What about curves drawn in the xy-plane? Which curves are graphs of functions? The 
following test gives an answer.

The Vertical Line Test  A curve in the xy-plane is the graph of a function of x if 
and only if no vertical line intersects the curve more than once.

The reason for the truth of the Vertical Line Test can be seen in Figure 13. If each 
vertical line x − a intersects a curve only once, at sa, bd, then exactly one function value 
is defined by f sad − b. But if a line x − a intersects the curve twice, at sa, bd and sa, cd,  
then the curve can’t represent a function because a function can’t assign two different 
values to a.

a

x=a

(a, b)

0

a

(a, c)

(a, b)

x=a

0 x

y

x

y

(a) This curve represents a function.

(b) This curve doesn’t represent
     a function.

FIGURE 13
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The curve on the left is a function; it passes the vertical line test. The
one on the right is not a function; when x = a a vertical line cuts the
curve more than onece.

5
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Example 12

Consider the following curve. Determine if it is a function or not
using the vertical line test. If it is, state the domain and range of
the function.

18	 CHAPTER 1    Functions and Models

University Hospital of the University of Southern California 
in Los Angeles. Use it to estimate the range of the vertical 
ground acceleration function at USC during the Northridge 
earthquake.

	 6.	 ��In this section we discussed examples of ordinary, everyday 
functions: population is a function of time, postage cost is a 
function of package weight, water temperature is a function 
of time. Give three other examples of functions from every-
day life that are described verbally. What can you say about 
the domain and range of each of your functions? If possible, 
sketch a rough graph of each function.

7–14  Determine whether the equation or table defines y as a 
function of x.

	 7.	 3x 2 5y − 7	 8.	 3x 2 2 2y − 5

	 9.	 x 2 1 sy 2 3d2 − 5	 10.	 2xy 1 5y 2 − 4 

	11.	 sy 1 3d3 1 1 − 2x	 12.	 2x 2 | y | − 0

	13.	 	 14.

		

x
Height (in)

y
Shoe size

72 12
60   8
60   7
63   9
70 10

	 	

x
Year

y
Tuition cost ($)

2016 10,900
2017 11,000
2018 11,200
2019 11,200
2020 11,300

15–18  Determine whether the curve is the graph of a function  
of x. If it is, state the domain and range of the function.

	15.	 y

x0 1

1

y

x0

1

1

y

x0 1

1

y

x0 1

1

	 16.	 y

x0 1

1

y

x0

1

1

y

x0 1

1

y

x0 1

1

	17.	

y

x0 1

1

y

x0

1

1

y

x0 1

1

y

x0 1

1

	 18.	

y

x0 1

1

y

x0

1

1

y

x0 1

1

y

x0 1

1

	19.	 ��Shown is a graph of the global average temperature T during 
the 20th century. Estimate the following.

	 (a)	 The global average temperature in 1950
	 (b)	 The year when the average temperature was 14.2°C

	 (c)	 The years when the temperature was smallest and largest
	 (d)	 The range of T

t

T (•C)

1900 1950 2000

13

14

Source: Adapted from Globe and Mail [Toronto], 5 Dec. 2009. Print.

	20.	 ��Trees grow faster and form wider rings in warm years and 
grow more slowly and form narrower rings in cooler years. 
The figure shows ring widths of a Siberian pine from 1500  
to 2000.

	 (a)	 What is the range of the ring width function?
	 (b)	� What does the graph tend to say about the temperature of 

the earth? Does the graph reflect the volcanic eruptions of 
the mid-19th century?

R
in

g 
w
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 (
m

m
)

1.6
1.4
1.2

1
0.8
0.6
0.4
0.2

0
1500 1600 1700 1800 1900

Year

2000 t

R

Source: Adapted from G. Jacoby et al., “Mongolian Tree Rings  
and 20th-Century Warming,” Science 273 (1996): 771–73.

	21.	 ��You put some ice cubes in a glass, fill the glass with cold 
water, and then let the glass sit on a table. Describe how the 
temperature of the water changes as time passes. Then sketch 
a rough graph of the temperature of the water as a function of 
the elapsed time.

	22.	 ��You place a frozen pie in an oven and bake it for an hour. 
Then you take it out and let it cool. Describe how the temper-
ature of the pie changes as time passes. Then sketch a rough 
graph of the temperature of the pie as a function of time.

	23.	 ��The graph shows the power consumption for a day in Septem-
ber in San Francisco. (P is measured in megawatts; t is mea
sured in hours starting at midnight.)

	 (a)	 What was the power consumption at 6 am? At 6 pm?
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Solution
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the function.
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	21.	 ��You put some ice cubes in a glass, fill the glass with cold 
water, and then let the glass sit on a table. Describe how the 
temperature of the water changes as time passes. Then sketch 
a rough graph of the temperature of the water as a function of 
the elapsed time.
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Piecewise Defined Functions

Piecewise-defined functions are not defined by a single equation, but by
two or more; and equation is valid over some interval.

Definition 1: Piecewise Defined Functions

A piecewise-defined function is function that is defined over a
sequence of intervals. They have general form

f(x) =

⎧
⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪
⎩

rule 1 ;x ∈ domain 1

rule 2 ;x ∈ domain 2

rule 3 ;x ∈ domain 3

⋮

Example 14

Let

f(x) =

⎧
⎪⎪⎪⎪
⎨
⎪⎪⎪⎪
⎩

2x2
+ 5 ; x < 1

x2 ; 1 ≤ x < 3

x + 1 ; x ≥ 3

Determine the following values

a. f(0)

b. f(3)

c. f(1)

d. f(−5)

e. f(10)

Solution

7
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Piecewise-defined functions occur frequently in engineering and com-
merce applications. The Heaviside, step, and floor-functions are exam-
ples of piecewise defined functions. Perhaps the most famous piecewise-
defined function is the absolute value function. It has two pieces, and
both the algebraic and graphical form of the absolute value function are
presented below.

∣x∣ =

⎧
⎪⎪
⎨
⎪⎪
⎩

−x if x < 0

+x if x ≥ 0

x

y

Example 15

Find the domain and sketch the function of f(x) = 4 − 2x

Solution

Example 16

Find the domain and sketch the function of f(x) = x2
− x − 2

Solution

8
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Example 17

Find the domain and sketch the function of f(x) = ∣2x − 1∣

Solution

Example 18

Find the domain and sketch the function of

f(x) =

⎧
⎪⎪
⎨
⎪⎪
⎩

x + 2 ;x < 0

1 − x ;x ≥ 0

Solution

9
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Example 19

Find the domain and sketch the function.

f(x) =

⎧
⎪⎪
⎨
⎪⎪
⎩

x + 2 ;x ≤ −1

x2 ;x > −1

Solution

Symmetry

Calculus has a number of applications, and one that you will learn about
in this course is curve sketching. Before sketching the graph of a function
several tests are carried out to streamline the process. One of these tests,
is a test for symmetry.

Definition 2

If a function satisfies f(x) = f(−x) for all values of x in its domain,
then f is symmetric about the y−axis, and is classified as an even
function.

16	 CHAPTER 1    Functions and Models

Looking at Figure 18, you can see why a function like the one in Example 10 is called 
a step function.

■	 Even and Odd Functions
If a function f  satisfies f s2xd − f sxd for every number x in its domain, then f  is called 
an even function. For instance, the function f sxd − x 2 is even because

f s2xd − s2xd2 − x 2 − f sxd

The geometric significance of an even function is that its graph is symmetric with respect 
to the y-axis (see Figure 19). This means that if we have plotted the graph of f  for x > 0, 
we obtain the entire graph simply by reflecting this portion about the y-axis.

If f  satisfies f s2xd − 2f sxd for every number x in its domain, then f  is called an odd 
function. For example, the function f sxd − x 3 is odd because

f s2xd − s2xd3 − 2x 3 − 2f sxd

The graph of an odd function is symmetric about the origin (see Figure 20). If we already 
have the graph of f  for x > 0, we can obtain the entire graph by rotating this portion 
through 1808 about the origin.

EXAMPLE 11�  Determine whether each of the following functions is even, odd, or 
neither even nor odd.

(a)  f sxd − x 5 1 x      (b)  tsxd − 1 2 x 4      (c)  hsxd − 2x 2 x 2 

SOLUTION
(a)	 f s2xd − s2xd5 1 s2xd − s21d5x 5 1 s2xd

 − 2x 5 2 x − 2sx 5 1 xd
 − 2f sxd

Therefore f  is an odd function.

(b)		  ts2xd − 1 2 s2xd4 − 1 2 x 4 − tsxd

So t is even.

(c)		  hs2xd − 2s2xd 2 s2xd2 − 22x 2 x 2

Since hs2xd ± hsxd and hs2xd ± 2hsxd, we conclude that h is neither even nor odd.� ■

The graphs of the functions in Example 11 are shown in Figure 21. Notice that the 
graph of h is symmetric neither about the y-axis nor about the origin.

1

1 x

y

h1

1

y

x

g1

_1

1

y

x

f

_1

(a) (b) (c)

■	 Increasing and Decreasing Functions
The graph shown in Figure 22 rises from A to B, falls from B to C, and rises again from C 
to D. The function f  is said to be increasing on the interval fa, bg, decreasing on fb, cg, 
and increasing again on fc, dg. Notice that if x1 and x2 are any two numbers between  

FIGURE 19�
An even function

0 x_x

f(_x) ƒ

x

y

FIGURE 20
An odd function

0
x

_x ƒ
x

y

FIGURE 21
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If the function satisfies −f(x) = f(−x) for all values of x in its
domain, then f is symmetric about the origin, and is classified as
an odd function.

16	 CHAPTER 1    Functions and Models
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201-SN2-RE Differential Calculus - Mak Sect. 00007

Example 20

For each of the following function, determine if it is even, odd, or
neither.

a. f(x) = x2
− x4

b. g(x) =
1

x
√

x2
− 1

c. k(x) = x3
+ x5
− 2x

Solution
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Example 21: 1.1.36

Evaluate the difference quotient for the given function and simplify
your solution.

f(x) = x3 ;
f(a + h) − f(a)

h

Solution

Example 22: 1.1.38

Evaluate the difference quotient for the given function and simplify
your solution.

f(x) =
√

x + 2 ;
f(x) − f(1)

x − 1

Solution

12


