1.3 New Functions from
Old Functions

Beginning with a small group of essential functions, we can create new
functions from old ones using transformations, algebraic operations, and
compositions.

Transformations

These are actions move and /or resize the graph of functions in the Carte-
sian plane. There are three types of actions: translation, dilation, and
reflection.

Translation

This action involves moving the graph in space without changing its
size, shape, or orientation. There are a total of four translations; two for
vertical shifting, and two to horizontal shifting.

Result 1: Translations

Suppose that ¢ > 0. To obtain the graph of

y=f(zx)+c ; shift the graph of f(x) up by ¢ units
y=f(x)-c ; shift the graph of f(x) down by ¢ units
y=f(zx+c) ; shift the graph of f(x) left by ¢ units
y=f(r-c) ; shift the graph of f(x) right by ¢ units
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Example 1

Describe the transformation that has been applied to f(z) in order
to obtain g(x). Sketch the graph of g(x) and state its domain and
range.

a flz)=22  g(z)=22-3
b f(z)=23  g(z)=a?+10
c. f(z)=z* g9(z) = (z - 5)*
d. f(z) =|z| 9(z) = |z +8§|

Solution
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Example 2

Describe the transformation(s) that have been applied to f(zx) in
order to obtain g(x). Sketch the graph of g(x) and state its domain

and range.

a. f(x)=2a" g(z)=(x-4)"+1
b. f(z) =logx g(x) =log(x+2)-5
¢ f@)=er  gla)=esd

Solution
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Dilation
Dilation involves the resizing r rescaling of the graph. It is typically

described as the stretching or compressing of a graph.

Result 2: Dialation

Suppose that ¢ > 0. To obtain the graph of

y=cf(x) ;  vertically stretch the graph of f(z) by
¢ units
1
y=—-f(x) ;  vertically compress the graph of f(z)
c
by ¢ units
y=f(cx) : horizontally compress the graph of
f(z) by ¢ units
1
y=f (—x) : horizontally stretch the graph of f(x)
e
by ¢ units
Reflection

Reflection involves taking the entire graph and flipping it across either
the y—axis, or the r—axis.

Result 3: Reflections

Suppose that ¢ > 0. To obtain the graph of

y=—f(x) ; reflect the graph of y = f(z) about the
r—axis

y=f(-x) ; reflect the graph of y = f(x) about the
y—axis

y=—fx)
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Example 3

Describe the transformation that has been applied to f(z) in order
to obtain g(z). Sketch the graph of g(x).

a. f(z) = g(x) = 2z
b. f(z)=a5 g(x) = §a°
c. f(z) = cos(x) g(z) = cos(2z)
d. f(z) =al 9(x) = |52
e. f(x)=e" g(z) = —e*

f. f(z) =In(z) 9(x) = In(-z)

Solution
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Example 4: 1.3.10

Graph the function by hand, not by plotting points, but by starting
with the graph of one of the standard functions and then applying
the appropriate transformations. State the domain and range of

the function.
y = (z+1)?

Solution

Example 5: 1.3.12

Graph the function by hand, not by plotting points, but by starting
with the graph of one of the standard functions and then applying
the appropriate transformations. State the domain and range of

the function.

y=1-23

Solution
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Example 6: 1.3.14

Graph the function by hand, not by plotting points, but by starting
with the graph of one of the standard functions and then applying
the appropriate transformations. State the domain and range of

the function.
y=—V/r-1

Solution

Example 7: 1.3.16

Graph the function by hand, not by plotting points, but by starting
with the graph of one of the standard functions and then applying
the appropriate transformations. State the domain and range of
the function.

1
y=1+ﬁ

Solution
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Example 8: 1.3.18

Graph the function by hand, not by plotting points, but by starting
with the graph of one of the standard functions and then applying
the appropriate transformations. State the domain and range of

the function.
y=—(z-1)2+3

Solution

Example 9: 1.3.22

Graph the function by hand, not by plotting points, but by starting
with the graph of one of the standard functions and then applying
the appropriate transformations. State the domain and range of

the function.
y=2-2cos(x)

Solution



201-SN2-RE Differential Calculus - Mak Sect. 00007

Example 10: 1.3.26

Graph the function by hand, not by plotting points, but by starting
with the graph of one of the standard functions and then applying
the appropriate transformations. State the domain and range of

the function.
y=|va-1|

Solution
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Algebraic Operations

Another way to create new functions with old functions, is by combining
them with algebraic operations (ie. +,—, x, +).

Theorem 1

Suppose that f(z) and g(x) are two functions with domains Dy
and D, respectively. Then the operation of addition, subtraction,
multiplication, division, along with the resultant domain are de-
fined as follows:

i (f+)(@)=f@)+g(e) i Dyeg=DynD,
i (f-9)(@)= f(©)-g() 3 Dyy=DsnD,
iii. (fg)(z)=f(x)xg(x) ;i Dpg=Dsn Dy
v (D) @-22 . Dyy=DraD, i g(z)#0

Example 11: 1.3.34

Let | |
f(z)=—= and g(z)==-2
-1 T

Determine each of the following. Simplify your solutions and state
their domains.

a. f+g
b. f-g
c. fxg
d. L

g

Solution
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Composition of Functions

Composition is another way of combining several functions to create a
new ones. This is where two or more functions are combined in a manner
such that one becomes the input for the other.

Definition 1: Composition

Suppose that f(z) and g(x) are two functions with domains Dy
and D, respectively. Then the composition of f and g, denoted
as f og is defined to be

(feg)(x) = f(g(x))

The domain of D(teg)(z) = Dy (g(x)) N Dy

Example 12: 1.3.55

Use the table below to evaluate the expression

1123|456

—_
(@
(@)
[\
B

f(z)
g(x) |5[3]4[1]3|2

- f(9(3))
- 9(f(2))
- (fog)(®)
- (9o f)(5)

o o )

[o

Solution

Remark
Order matters in a

composition of
functions. In general

(fog)(x) # (gof)(x)
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Example 13: 1.3.57

Use the given graphs of f and ¢ to evaluate each expression, or
explain why it is undefined.

y

. f(9(2))
b. g(f(0))

. (fo9)(0)
. (g0 £)(6)
. (909)(-2)
f. (fof)4)

&

oL o

)
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Example 14: 1.3.36

Let 1
flx)=- and  g(x)=2r+1
G

Determine the following compositions and their domains
a. foyg
b. gof

Solution

Example 15: 1.3.40

Let
flx)=Vh-=z and  g(x)=Va-1

Determine the following compositions and their domains
a. fof
b. gog

Solution
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Example 16: 1.3.42
Find fogoh if

f@)=lz-4 g(x)=2" M=)=Vz

Solution

Example 17: 1.3.44
Find fogoh if

45

(@) =tanz  g(x) - h(z) = Yz

x€x —

Solution



201-SN2-RE Differential Calculus - Mak Sect. 00007

Example 18: 1.3.46

Express the function in the form f o g if

F(z) =cos’z

Solution

Example 19: 1.3.48

Express the function in the form f o g if

Solution

Example 20: 1.3.52

Express the function in the form fogo h if

H(x)=+/2+|z]

Solution
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Example 21: 1.3.54

Express the function in the form fogoh if

H(t) = cos(Vtant + 1)

Solution



