
1.3 New Functions from
Old Functions

Beginning with a small group of essential functions, we can create new
functions from old ones using transformations, algebraic operations, and
compositions.

Transformations

These are actions move and/or resize the graph of functions in the Carte-
sian plane. There are three types of actions: translation, dilation, and
reflection.

Translation

This action involves moving the graph in space without changing its
size, shape, or orientation. There are a total of four translations; two for
vertical shifting, and two to horizontal shifting.

Result 1: Translations

Suppose that c > 0. To obtain the graph of

y = f(x) + c ; shift the graph of f(x) up by c units

y = f(x) − c ; shift the graph of f(x) down by c units

y = f(x + c) ; shift the graph of f(x) left by c units

y = f(x − c) ; shift the graph of f(x) right by c units
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Let’s first consider translations of graphs. If c is a positive number, then the graph of 
y − f sxd 1 c is just the graph of y − f sxd shifted upward a distance of c units (because 
each y-coordinate is increased by the same number c). Likewise, if tsxd − f sx 2 cd, 
where c . 0, then the value of t at x is the same as the value of f  at x 2 c (c units to the 
left of x). Therefore the graph of y − f sx 2 cd is just the graph of y − f sxd shifted c units 
to the right (see Figure 1).

Vertical and Horizontal Shifts � Suppose c . 0. To obtain the graph of

 y − f sxd 1 c, shift the graph of y − f sxd a distance c units upward

 y − f sxd 2 c, shift the graph of y − f sxd a distance c units downward

 y − f sx 2 cd, shift the graph of y − f sxd a distance c units to the right

 y − f sx 1 cd, shift the graph of y − f sxd a distance c units to the left
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FIGURE 1  Translating the graph of f FIGURE 2  Stretching and reflecting the graph of f

Now let’s consider the stretching and reflecting transformations. If c . 1, then the  
graph of y − cf sxd is the graph of y − f sxd stretched by a factor of c in the vertical  
direction (because each y-coordinate is multiplied by the same number c). The graph of 
y − 2f sxd is the graph of y − f sxd reflected about the x-axis because the point sx, yd is 
replaced by the point sx, 2yd. (See Figure 2 and the following chart, where the results of 
other stretching, shrinking, and reflecting transformations are also given.)

Vertical and Horizontal Stretching and Reflecting � Suppose c . 1. To obtain the 
graph of

 y − cf sxd, stretch the graph of y − f sxd vertically by a factor of c

 y − s1ycd f sxd, shrink the graph of y − f sxd vertically by a factor of c

 y − f scxd, shrink the graph of y − f sxd horizontally by a factor of c

 y − f sxycd, stretch the graph of y − f sxd horizontally by a factor of c

 y − 2f sxd, reflect the graph of y − f sxd about the x-axis

 y − f s2xd, reflect the graph of y − f sxd about the y-axis
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Example 1

Describe the transformation that has been applied to f(x) in order
to obtain g(x). Sketch the graph of g(x) and state its domain and
range.

a. f(x) = x2 g(x) = x2
− 3

b. f(x) = x3 g(x) = x3
+ 10

c. f(x) = x4 g(x) = (x − 5)4

d. f(x) = ∣x∣ g(x) = ∣x + 8∣

Solution

2
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Example 2

Describe the transformation(s) that have been applied to f(x) in
order to obtain g(x). Sketch the graph of g(x) and state its domain
and range.

a. f(x) = x7 g(x) = (x − 4)7 + 1

b. f(x) = logx g(x) = log(x + 2) − 5

c. f(x) = ex g(x) = ex−9

Solution

3
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Dilation

Dilation involves the resizing r rescaling of the graph. It is typically
described as the stretching or compressing of a graph.

Result 2: Dialation

Suppose that c > 0. To obtain the graph of

y = cf(x) ; vertically stretch the graph of f(x) by

c units

y =
1

c
f(x) ; vertically compress the graph of f(x)

by c units

y = f(cx) ; horizontally compress the graph of

f(x) by c units

y = f (
1

c
x) ; horizontally stretch the graph of f(x)

by c units

Reflection

Reflection involves taking the entire graph and flipping it across either
the y−axis, or the x−axis.

Result 3: Reflections

Suppose that c > 0. To obtain the graph of

y = −f(x) ; reflect the graph of y = f(x) about the

x−axis

y = f(−x) ; reflect the graph of y = f(x) about the

y−axis

	 SECTION 1.3    New Functions from Old Functions	 37

Let’s first consider translations of graphs. If c is a positive number, then the graph of 
y − f sxd 1 c is just the graph of y − f sxd shifted upward a distance of c units (because 
each y-coordinate is increased by the same number c). Likewise, if tsxd − f sx 2 cd, 
where c . 0, then the value of t at x is the same as the value of f  at x 2 c (c units to the 
left of x). Therefore the graph of y − f sx 2 cd is just the graph of y − f sxd shifted c units 
to the right (see Figure 1).

Vertical and Horizontal Shifts � Suppose c . 0. To obtain the graph of

 y − f sxd 1 c, shift the graph of y − f sxd a distance c units upward

 y − f sxd 2 c, shift the graph of y − f sxd a distance c units downward

 y − f sx 2 cd, shift the graph of y − f sxd a distance c units to the right

 y − f sx 1 cd, shift the graph of y − f sxd a distance c units to the left
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FIGURE 1  Translating the graph of f FIGURE 2  Stretching and reflecting the graph of f

Now let’s consider the stretching and reflecting transformations. If c . 1, then the  
graph of y − cf sxd is the graph of y − f sxd stretched by a factor of c in the vertical  
direction (because each y-coordinate is multiplied by the same number c). The graph of 
y − 2f sxd is the graph of y − f sxd reflected about the x-axis because the point sx, yd is 
replaced by the point sx, 2yd. (See Figure 2 and the following chart, where the results of 
other stretching, shrinking, and reflecting transformations are also given.)

Vertical and Horizontal Stretching and Reflecting � Suppose c . 1. To obtain the 
graph of

 y − cf sxd, stretch the graph of y − f sxd vertically by a factor of c

 y − s1ycd f sxd, shrink the graph of y − f sxd vertically by a factor of c

 y − f scxd, shrink the graph of y − f sxd horizontally by a factor of c

 y − f sxycd, stretch the graph of y − f sxd horizontally by a factor of c

 y − 2f sxd, reflect the graph of y − f sxd about the x-axis

 y − f s2xd, reflect the graph of y − f sxd about the y-axis
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Example 3

Describe the transformation that has been applied to f(x) in order
to obtain g(x). Sketch the graph of g(x).

a. f(x) = x4 g(x) = 2x4

b. f(x) = x5 g(x) = 1
3x

5

c. f(x) = cos(x) g(x) = cos(2x)

d. f(x) = ∣x∣ g(x) = ∣14x∣

e. f(x) = ex g(x) = −ex

f. f(x) = ln(x) g(x) = ln(−x)

Solution

5
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Example 4: 1.3.10

Graph the function by hand, not by plotting points, but by starting
with the graph of one of the standard functions and then applying
the appropriate transformations. State the domain and range of
the function.

y = (x + 1)2

Solution

Example 5: 1.3.12

Graph the function by hand, not by plotting points, but by starting
with the graph of one of the standard functions and then applying
the appropriate transformations. State the domain and range of
the function.

y = 1 − x3

Solution

6
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Example 6: 1.3.14

Graph the function by hand, not by plotting points, but by starting
with the graph of one of the standard functions and then applying
the appropriate transformations. State the domain and range of
the function.

y = −
√

x − 1

Solution

Example 7: 1.3.16

Graph the function by hand, not by plotting points, but by starting
with the graph of one of the standard functions and then applying
the appropriate transformations. State the domain and range of
the function.

y = 1 +
1

x2

Solution

7
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Example 8: 1.3.18

Graph the function by hand, not by plotting points, but by starting
with the graph of one of the standard functions and then applying
the appropriate transformations. State the domain and range of
the function.

y = −(x − 1)2 + 3

Solution

Example 9: 1.3.22

Graph the function by hand, not by plotting points, but by starting
with the graph of one of the standard functions and then applying
the appropriate transformations. State the domain and range of
the function.

y = 2 − 2 cos(x)

Solution

8
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Example 10: 1.3.26

Graph the function by hand, not by plotting points, but by starting
with the graph of one of the standard functions and then applying
the appropriate transformations. State the domain and range of
the function.

y = ∣
√

x − 1∣

Solution

9
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Algebraic Operations

Another way to create new functions with old functions, is by combining
them with algebraic operations (ie. +,−,×,÷).

Theorem 1

Suppose that f(x) and g(x) are two functions with domains Df

and Dg respectively. Then the operation of addition, subtraction,
multiplication, division, along with the resultant domain are de-
fined as follows:

i. (f + g)(x) = f(x) + g(x) ; Df+g =Df ∩Dg

ii. (f − g)(x) = f(x) − g(x) ; Df−g =Df ∩Dg

iii. (fg)(x) = f(x) × g(x) ; Df×g =Df ∩Dg

iv. (
f

g
) (x) =

f(x)

g(x)
; Df/g =Df ∩Dg ; g(x) ≠ 0

Example 11: 1.3.34

Let

f(x) =
1

x − 1
and g(x) =

1

x
− 2

Determine each of the following. Simplify your solutions and state
their domains.

a. f + g

b. f − g

c. f × g

d. f
g

Solution

10
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Composition of Functions

Composition is another way of combining several functions to create a
new ones. This is where two or more functions are combined in a manner
such that one becomes the input for the other.

Definition 1: Composition

Suppose that f(x) and g(x) are two functions with domains Df

and Dg respectively. Then the composition of f and g, denoted
as f ○ g is defined to be

(f ○ g)(x) = f(g(x))

The domain of D(f○g)(x) =Df(g(x)) ∩Dg

Order matters in a
composition of
functions. In general
(f ○g)(x) ≠ (g○f)(x)

Remark

◀

Example 12: 1.3.55

Use the table below to evaluate the expression

x 1 2 3 4 5 6
f(x) 3 1 5 6 2 4
g(x) 5 3 4 1 3 2

a. f(g(3))

b. g(f(2))

c. (f ○ g)(5)

d. (g ○ f)(5)

Solution

11
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Example 13: 1.3.57

Use the given graphs of f and g to evaluate each expression, or
explain why it is undefined.

44	 CHAPTER 1    Functions and Models

33–34  �Find (a) f 1 t, (b) f 2 t, (c) ft, and (d) fyt and state their 
domains.

	33.	 f sxd − s25 2 x 2,  tsxd − sx 1 1

	34.	 f sxd −
1

x 2 1
,  tsxd −

1

x
2 2

35– 40  �Find the functions (a) f 8 t, (b) t 8 f , (c) f 8 f , and (d) t 8 t 
and their domains.

	35.	 f sxd − x 3 1 5,  tsxd − s3 x 

	36.	 f sxd −
1

x
,  tsxd − 2x 1 1

	37.	 f sxd −
1

sx 
,  tsxd − x 1 1

	38.	 f sxd −
x

x 1 1
,  tsxd − 2x 2 1

	39.	 f sxd −
2

x
,  tsxd −  sin x

	40.	 f sxd − s5 2 x ,  tsxd − sx 2 1

41– 44  �Find f 8 t 8 h.

	41.	 �f sxd − 3x 2 2,  tsxd − sin x,    hsxd − x 2

	42.	 �f sxd − | x 2 4 |,  tsxd − 2 x,    hsxd − sx 

	43.	 �f sxd − sx 2 3 ,  tsxd − x 2,    hsxd − x 3 1 2

	44.	 �f sxd − tan x,  tsxd −
x

x 2 1
,    hsxd − s3 x 

45–50  �Express the function in the form f 8 t.

	45.	 Fsxd − s2x 1 x 2d4	 46.	 Fsxd − cos2x

	47.	 Fsxd −
s3 x 

1 1 s3 x 
	 48.	 Gsxd − Î3  

x

1 1 x  

	49.	 vstd − secst 2d tanst 2d	 50.	 Hsxd − s1 1 sx  

51–54  �Express the function in the form f 8 t 8 h.

	51.	 Rsxd − ssx 2 1 	 52.	 Hsxd − s8 2 1 | x | 
	53.	 Sstd − sin2scos td	 54.	 Hstd − cos(s tan t 1 1)

55–56  �Use the table to evaluate each expression.

x 1 2 3 4 5 6

f sxd 3 1 5 6 2 4

tsxd 5 3 4 1 3 2

	55.	 (a)	� f sts3dd	 (b)	 ts f s2dd
		  (c)	 s f 8 tds5d	 (d)	 st 8 f ds5d

	56.	 (a)	 tststs2ddd	 (b)	 s f + f + f ds1d
		  (c)	 s f + f + tds1d	 (d)	 st + f + tds3d

	57.	 ��Use the given graphs of f  and t to evaluate each expression, 
or explain why it is undefined.

	� (a)	 f sts2dd	 (b)	 ts f s0dd	 (c)	 s f 8 tds0d
	 (d)	 st 8 f ds6d	 (e)	 st 8 tds22d	 (f )	 s f 8 f ds4d

x

y

0

fg

2

2

	58.	 ��Use the given graphs of f  and t to estimate the value of 
f stsxdd for x − 25, 24, 23, . . . , 5. Use these estimates to 
sketch a rough graph of f 8 t.

g

f

x

y

0 1

1

	59.	 ��A stone is dropped into a lake, creating a circular ripple that 
travels outward at a speed of 60 cmys.

	 (a)	� Express the radius r of this circle as a function of the  
time t (in seconds).

	 (b)	� If A is the area of this circle as a function of the radius, 
find A 8 r and interpret it.

	60.	 ��A spherical balloon is being inflated and the radius of the  
balloon is increasing at a rate of 2 cmys.

	 (a)	� Express the radius r of the balloon as a function of the  
time t (in seconds).

	 (b)	� If V is the volume of the balloon as a function of the 
radius, find V 8 r and interpret it.

	61.	 ��A ship is moving at a speed of 30 kmyh parallel to a straight 
shoreline. The ship is 6 km from shore and it passes a light-
house at noon.

	 (a)	� Express the distance s between the lighthouse and the 
ship as a function of d, the distance the ship has traveled 
since noon; that is, find f  so that s − f sd d.

	 (b)	� Express d as a function of t, the time elapsed since noon; 
that is, find t so that d − tstd.

	 (c)	� Find f 8 t. What does this function represent?
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a. f(g(2))

b. g(f(0))

c. (f ○ g)(0)

d. (g ○ f)(6)

e. (g ○ g)(−2)

f. (f ○ f)(4)

12
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Example 14: 1.3.36

Let

f(x) =
1

x
and g(x) = 2x + 1

Determine the following compositions and their domains

a. f ○ g

b. g ○ f

Solution

Example 15: 1.3.40

Let
f(x) =

√

5 − x and g(x) =
√

x − 1

Determine the following compositions and their domains

a. f ○ f

b. g ○ g

Solution

13
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Example 16: 1.3.42

Find f ○ g ○ h if

f(x) = ∣x − 4∣ g(x) = 2x h(x) =
√

x

Solution

Example 17: 1.3.44

Find f ○ g ○ h if

f(x) = tanx g(x) =
x

x − 1
h(x) = 3

√

x

Solution

14
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Example 18: 1.3.46

Express the function in the form f ○ g if

F (x) = cos2 x

Solution

Example 19: 1.3.48

Express the function in the form f ○ g if

G(x) = 3

√
x

1 + x

Solution

Example 20: 1.3.52

Express the function in the form f ○ g ○ h if

H(x) = 8
√

2 + ∣x∣

Solution

15
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Example 21: 1.3.54

Express the function in the form f ○ g ○ h if

H(t) = cos(
√

tan t + 1)

Solution

16


