
1.4 Exponential Functions

Exponential functions are used in a wide variety of scientific and non-
scientific applications (eg. population growth, radioactive decay, com-
pound interest, ...).

Definition 1: Exponential Function

An exponential function is a function that has form

f(x) = ax

where a ∈ R>0;x ∈ Z

There are three scenarios for x.

1. x = n and n ∈ Z>0 ⇒ an = a ⋅ a ⋅ a ⋅ ⋯a
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

n−times

2. x = −n and n ∈ Z>0 ⇒ a−n =
1

an
=

1

a ⋅ a ⋅ a ⋅ ⋯a
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

n−times

3. x = 0 ⇒ a0 = 1

The following rules/laws specify how to work with exponents. These will
be useful for simplifying expressions.

Result 1: Law of Exponents

If a, b ∈ R>0 and x, y ∈ R then

1. axay = ax+y

2.
ax

ay
= ax−y

3. (ax)y = axy

4. (ab)x = axbx

1
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Example 1: 1.4.2

Use the Law of Exponents to rewrite and simplify each expression

a. 2x2
(3x5
)
2

b. (2x−2)−3 x−3

c. 3a3/2⋅a1/2
a−1

d.
√
a
√
b

3√
ab

Solution
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Graphs of Exponential Functions

The value of a, controls the behaviour of the function.

� If a > 1, then f(x) = ax is an increasing function.

� If 0 < a < 1, then f(x) = ax is a decreasing function.

1

x

y

f(x) = ax; a > 1

1

x

y

f(x) = ax; 0 < a < 1

There is a horizontal
asymptote at y = 0;
and the function
passes through
(0,1) ∵ f(0) = a0 = 1

Remark

◀

The magnitude of a, determines how steep the curve is. For a > 1, the
larger the value of a, the steeper the curve. For 0 < a < 1 the opposite is
true.

1

x

y y1 = 2x

y2 = 3x

y3 = 10x

1

x

y y4 = (
1
2)

x

y5 = (
1
3)

x

y6 = (
1
10)

x

Example 2

Starting with the graph of y = 5x, write an equation of the graph
that results from

a. shifting 3 units downwards

b. shifting 4 units left

c. reflecting it into the x−axis and then shifting it up 2 units

d. shifting it 7 units to the right, reflecting it into the y−axis,
and shifting it up by 1

Solution
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Example 3: 1.4.10

Make a rough sketch by hand of the given function. State the
domain and range.

h(x) = 2(
1

2
)

x

− 3

Solution

Example 4: 1.4.12

Make a rough sketch by hand of the given function. State the
domain and range.

y = 4x+2

Solution

Example 5: 1.4.14

Make a rough sketch by hand of the given function. State the
domain and range.

y = e∣x∣

Solution

4
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Example 6: 1.4.18

Find the domain of the function

a. g(t) =
√

10t − 100

b. g(t) = sin(et − 1)

Solution

Example 7: 1.4.20

Find the exponential function f(x) = Cbx whose graph is given.

52	 CHAPTER 1    Functions and Models

1.4  �Exercises

	16.	 ��Starting with the graph of y − e x, find the equation of the 
graph that results from

	 (a)	 reflecting about the line y − 4.
	 (b)	 reflecting about the line x − 2.

�17–18  �Find the domain of each function.

	17.	 �(a)	 f sxd −
1 2 e x 2

1 2 e12x 2	 (b)	 f sxd −
1 1 x

e cos x

	18.	 �(a)	 tstd − s10 t 2 100 	 (b)	 tstd − sinse t 2 1d

19–20  �Find the exponential function f sxd − Cb x whose graph  
is given.

	19.	 	 20.	

0

(1, 6)

(3, 24)

y

x

(_1, 3)

”1,    ’
4

3

0

y

x

 	21.	 ��If f sxd − 5x, show that

 f sx 1 hd 2 f sxd
h

− 5xS 5h 2 1

h D
	22.	 ��Suppose you are offered a job that lasts one month. Which 

of the following methods of payment do you prefer?
	 I.	 One million dollars at the end of the month.
	 II.	 One cent on the first day of the month, two cents on the 

second day, four cents on the third day, and, in general, 
2n21 cents on the nth day.

	23.	 ��Suppose the graphs of f sxd − x 2 and tsxd − 2x are drawn 
on a coordinate grid where the unit of measurement is  
1 inch. Show that at a distance 2 ft to the right of the origin, 
the height of the graph of f  is 48 ft but the height of the 
graph of t is about 265 mi.

	24.	 ��Compare the functions f sxd − x 5 and tsxd − 5x by graph-
ing both functions in several viewing rectangles. Find all 
points of intersection of the graphs correct to one decimal 
place. Which function grows more rapidly when x is large?

	25.	 ��Compare the functions f sxd − x 10 and tsxd − e x by graph-
ing both functions in several viewing rectangles. When does 
the graph of t finally surpass the graph of f ?

	26.	 ��Use a graph to estimate the values of x such that 
e x . 1,000,000,000.

;

;

;

1–2  �Use the Laws of Exponents to rewrite and simplify each  
expression.

	 1.	 �(a)	
226

43 	 (b)	
s23d6

96 	 (c)	
1

s4 x 5 

		  (d)	
x 3 � x n

x n11 	 (e)	 b3s3b21d22	 (f )	
2x 2 y

s3x22 yd2

	 2.	 �(a)	
s3 4 

s3 108 
	 (b)	 272y3	 (c)	 2x 2s3x 5d2

		  (d)	 s2x22 d23x23	 (e)	
3a 3y2 � a1y2

a21 	 (f )	
sasb 

s3 ab 

	 3.	 �(a)	� Write an equation that defines the exponential function 
with base b . 0.

	 (b)	 What is the domain of this function?
	 (c)	 If b ± 1, what is the range of this function?
	 (d)	� Sketch the general shape of the graph of the exponential 

function for each of the following cases.
	 (i)	 b . 1
	(ii)	 b − 1
	(iii)	 0 , b , 1

	 4.	 �(a)	� How is the number e defined?
	 (b)	 What is an approximate value for e ?
	 (c)	 What is the natural exponential function?

5–8  �Graph the given functions on a common screen. How are 
these graphs related?

	 5.	 �y − 2x,    y − e x,    y − 5x,    y − 20 x

	 6.	 �y − e x,    y − e 2x,    y − 8x,    y − 82x

	 7.	 �y − 3x,    y − 10 x,    y − ( 1
3)x

,    y − ( 1
10 )x

	 8.	 �y − 0.9 x,    y − 0.6x,    y − 0.3x,    y − 0.1x

9–14  �Make a rough sketch by hand of the graph of the function. 
Use the graphs given in Figures 3 and 15 and, if necessary, the 
transformations of Section 1.3.

	 9.	 tsxd − 3x 1 1	 10.	 hsxd − 2( 1
2)x

2 3

	11.	 y − 2e2x	 12.	 y − 4 x12

	13.	 y − 1 2 1
2 e2x	 14.	 y − e | x |

	15.	 ��Starting with the graph of y − e x, write the equation of the 
graph that results from

	 (a)	 shifting 2 units downward.
	 (b)	 shifting 2 units to the right.
	 (c)	 reflecting about the x-axis.
	 (d)	 reflecting about the y-axis.
	 (e)	 reflecting about the x-axis and then about the y-axis.

;
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Solution
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Example 8: 1.4.21

If f(x) = 5x show that

f(x + h) − f(x)

h
= 5x (

5h − 1

h
)

Solution

Example 9: 1.4.22

Suppose you are offered a job that lasts one month. Which of the
following methods of payment do you prefer?

i. One million dollars at the end of the month.

ii. One cent on the first day of the month, two cents on the
second day, four cents on the third day, and, in general, 2n−1

cents on the nth day.

Solution

6
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Example 10: 1.4.30

A gray squirrel population was introduced in a certain region 18
years ago. Biologists observe that the population doubles every six
years, and now the population is 600.

a. What was the initial squirrel population?

b. What is the expected squirrel population t years after intro-
duction?

c. Estimate the expected squirrel population 10 years from now.

Solution

7


