
1.5 Inverse Functions and
Logarithms

Inverse Functions

Given the graph of a curve, a relation qualifies as a function iff it passes
the vertical line test.
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following domain convention: the domain of the function is the set of all inputs for 
which the formula makes sense and gives a real-number output.

EXAMPLE 6�  Find the domain of each function.

(a)  f sxd − sx 1 2                   (b)  tsxd −
1

x 2 2 x

SOLUTION
(a)  Because the square root of a negative number is not defined (as a real number),  
the domain of f  consists of all values of x such that x 1 2 > 0. This is equivalent to 
x > 22, so the domain is the interval f22, `d.
(b)  Since

tsxd −
1

x 2 2 x
−

1

xsx 2 1d

and division by 0 is not allowed, we see that tsxd is not defined when x − 0 or x − 1. 
So the domain of t is

hx | x ± 0, x ± 1j

which could also be written in interval notation as

	 s2`, 0d ø s0, 1d ø s1, `d� ■

■	 Which Rules Define Functions?
Not every equation defines a function. The equation y − x 2 defines y as a function of x 
because the equation determines exactly one value of y for each value of x. However, the 
equation y 2 − x does not define y as a function of x because some input values x corre-
spond to more than one output y; for instance, for the input x − 4 the equation gives the 
outputs y − 2 and y − �2. 

Similarly, not every table defines a function. Table 3 defined C as a function of w — each 
package weight w corresponds to exactly one mailing cost. On the other hand, Table 4 does 
not define y as a function of x because some input values x in the table correspond to more 
than one output y; for instance, the input x − 5 gives the outputs y − 7 and y − 8.

Table 4

x 2 4 5 5 6

y 3 6 7 8 9

What about curves drawn in the xy-plane? Which curves are graphs of functions? The 
following test gives an answer.

The Vertical Line Test  A curve in the xy-plane is the graph of a function of x if 
and only if no vertical line intersects the curve more than once.

The reason for the truth of the Vertical Line Test can be seen in Figure 13. If each 
vertical line x − a intersects a curve only once, at sa, bd, then exactly one function value 
is defined by f sad − b. But if a line x − a intersects the curve twice, at sa, bd and sa, cd,  
then the curve can’t represent a function because a function can’t assign two different 
values to a.
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(a) This curve represents a function.

(b) This curve doesn’t represent
     a function.

FIGURE 13
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Function Not a function

A function can be classed as either one-to-one or not. A one-to-one
function, passes the horizontal line test.

x

y

One-to-one

x

y

Not one-to-one

Definition 1: One-to-One Functions

A function is one-to-one iff ∀x1, x2 ∈Df

f(x1) ≠ f(x2) whenever x1 ≠ x2

If f(x) is a one-to-one function, then it has an inverse, f−1(x), (ie.
given some value of y, it is possible to map it back to the unique value
of x which generated it).

1
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Definition 2: Inverse Functions

Let f(x) be a one-to-one function with domain Df and range Rf .
The inverse function, f−1 has domain Rf and range Df and is
defined by

f−1(y) = x ⇔ f(x) = y ∀y ∈ Rf

Result 1: Domain and Range of f(x) and f−1(x)

Let f(x) be a one-to-one function with domain Df and range Rf .
Then

� the domain of f−1(x) is Df−1(x) = Rf

� the range of f−1(x) is Rf−1(x) =Df

Graphically, f(x) and f−1(x) are reflections of each other along the line
y = x.
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EXAMPLE 4�  Find the inverse function of f sxd − x 3 1 2.

SOLUTION  �According to (5) we first write

y − x 3 1 2

Then we solve this equation for x:

 x 3 − y 2 2

 x − s3 y 2 2 

Finally, we interchange x and y:

 y − s3 x 2 2 

Therefore the inverse function is f 21sxd − s3 x 2 2 .� ■

The principle of interchanging x and y to find the inverse function also gives us the 
method for obtaining the graph of f 21 from the graph of f. Since f sad − b if and only  
if f 21sbd − a, the point sa, bd is on the graph of f  if and only if the point sb, ad is on the 
graph of f 21. But we get the point sb, ad from sa, bd by reflecting about the line y − x. 
(See Figure 8.)

0

y

x

(b, a)

(a, b)

y=x

0

y

x

f –!

y=x f

FIGURE 8	 FIGURE 9

Therefore, as illustrated by Figure 9:

The graph of f 21 is obtained by reflecting the graph of f  about the line y − x.

EXAMPLE 5�  Sketch the graphs of f sxd − s21 2 x  and its inverse function using the 
same coordinate axes.

SOLUTION  �First we sketch the curve y − s21 2 x  (the top half of the parabola 
y 2 − 21 2 x, or x − 2y 2 2 1) and then we reflect about the line y − x to get the  
graph of f 21. (See Figure 10.) As a check on our graph, notice that the expression for 
f 21 is f 21sxd − 2x 2 2 1, x > 0. So the graph of f 21 is the right half of the parabola 
y − 2x 2 2 1 and this seems reasonable from Figure 10.	 ■

■	 Logarithmic Functions
If b . 0 and b ± 1, the exponential function f sxd − bx is either increasing or decreasing 
and so it is one-to-one by the Horizontal Line Test. It therefore has an inverse function 
f 21, which is called the logarithmic function with base b and is denoted by logb. If we 
use the formulation of an inverse function given by (3),

f 21sxd − y    &?    f syd − x

In Example 4, notice how f 21 reverses 
the effect of f . The function f  is the 
rule “Cube, then add 2”; f 21 is the 
rule “Subtract 2, then take the cube 
root.”

0

y=x
y=ƒ

(0, _1)

y=f –!(x)

(_1, 0)

y

x

FIGURE 10 
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Example 1

64	 CHAPTER 1    Functions and Models

We know that the lines x − 6�y2 are vertical asymptotes of the graph of tan. Since 
the graph of tan21 is obtained by reflecting the graph of the restricted tangent function 
about the line y − x, it follows that the lines y − �y2 and y − 2�y2 are horizontal 
asymptotes of the graph of tan21.

The remaining inverse trigonometric functions are not used as frequently and are sum-
marized here.

 12 	  y − csc21x (| x | > 1)    &?    csc y − x  and    y [ s0, �y2g ø s�, 3�y2g

	  y − sec21x (| x | > 1)    &?    sec y − x  and    y [ f0, �y2d ø f�, 3�y2d

	  y − cot21x sx [ Rd      &?    cot y − x  and    y [ s0, �d

The choice of intervals for y in the definitions of csc21 and sec21 is not universally 
agreed upon. For instance, some authors use y [ f0, �y2d ø s�y2, �g in the definition 
of sec21. [You can see from the graph of the secant function in Figure 26 that both this 
choice and the one in (12) will work.]

0

y

x
_1

2ππ

FIGURE 26
�y − sec x

1.5  �Exercises

	 1.	 ��(a)	 What is a one-to-one function?
	 (b)	� How can you tell from the graph of a function whether it 

is one-to-one?

	 2.	 �(a)	� Suppose f  is a one-to-one function with domain A and 
range B. How is the inverse function f 21 defined? What 
is the domain of f 21 ? What is the range of f 21 ?

	 (b)	� If you are given a formula for f, how do you find a  
formula for f 21 ?

	 (c)	� If you are given the graph of f, how do you find the graph 
of f 21 ?

3–16  �A function is given by a table of values, a graph, a formula, 
or a verbal description. Determine whether it is one-to-one.

	 3.	
x 1 2 3 4 5 6

f sxd 1.5 2.0 3.6 5.3 2.8 2.0

	 4.	
x 1 2 3 4 5 6

f sxd 1.0 1.9 2.8 3.5 3.1 2.9

	 5.	 	 6.	 y

x
x

y

y

xx

y

	 7.	 	 8.	

y

x
x

y

y

xx

y

	 9.	 f sxd − 2x 2 3	 10.	 f sxd − x 4 2 16

	11.	 r std − t 3 1 4	 12.	 tsxd − s3 x 

	13.	 tsxd − 1 2 sin x	 14.	 f sxd − x 4 2 1,  0 ⩽ x ⩽ 10

	15.	 �f std is the height of a football t seconds after kickoff.

	16.	 �f std is your height at age t.

	17.	 ��Assume that f  is a one-to-one function.
	 (a)	� If f s6d − 17, what is f 21s17d?
	 (b)	�� If f 21s3d − 2, what is f s2d?

	18.	 ��If f sxd − x 5 1 x 3 1 x, find f 21s3d and f s f 21s2dd.

	19.	 �If tsxd − 3 1 x 1 e x, find t21s4d.

	20.	 �The graph of f  is given.
	 (a)	 Why is f  one-to-one?
	 (b)	 What are the domain and range of f 21 ?
	 (c)	 What is the value of f 21s2d?
	 (d)	 Estimate the value of f 21s0d.

y

x0 1

1

	21.	 ��The formula C − 5
9 sF 2 32d, where F > 2459.67, expresses 

the Celsius temperature C as a function of the Fahrenheit 
temperature F. Find a formula for the inverse function and 
interpret it. What is the domain of the inverse function?
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Consider the graph of f(x) above.

a. What is the domain of f(x)?

b. What is the range of f(x)?

c. What is the domain of f−1(x)?

d. What is the range of f−1(x)?

e. What is the value of f−1(2) and f(2)?

2
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f. What is the value of f−1(−1) and f(−1)?

g. What is the value of f−1(3)?

Solution

Computing the Inverse of a Function

In many situations, we want to determine the inverse of a function start-
ing from its algebraic form.

Result 2: Computing the Inverse of a Function

Suppose that f(x) is a one-to-one function

1. Let y = f(x)

2. Interchange the y with the x’s

3. Isolate for y. The resulting expression will be f−1(x).

Theorem 1

If f(x) is a one-to-one function with domain Df and range Rf ,
and f−1(x) is its inverse, then

(f−1 ○ f)(x) = f−1(f(x)) = x ∀x ∈Df

(f ○ f−1)(x) = f(f−1(x)) = x ∀x ∈ Rf

In other words, the
composition of f
and its inverse is x

Remark

◀

3
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Example 2: 1.5.24

Find a formula for the inverse

g(x) = x2 − 2x ; x ≥ 1

Solution

Example 3: 1.5.26

Find a formula for the inverse

h(x) =
6 − 3x

5x + 7

Solution

4
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Example 4: 1.5.28

Find a formula for the inverse

y = 3 ln(x − 2)

Solution

Example 5: 1.5.30

Find a formula for the inverse

y =
1 − e−x

1 + e−x

Solution

5
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Example 6

Let f(x) = 1 +
√
x + 3

a. Find the inverse of the function.

b. What is the domain of f(x)? What is the range of f−1(x)?

c. What is the domain of f−1(x) and the range of f(x)?

d. Sketch a graph of f(x) and f−1(x) on the same axis.

Solution

6
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Logarithmic Function

Exponential functions are one-to-one functions. Therefore, they have an
inverse. The inverse of an exponential function is a logarithmic func-
tions, and vice versa.

This means that
every exponential
function can be
turned into a
logarithmic
function, and vice
versa.

Remark

◀

Definition 3: Logarithmic Function

A logarithmic function is a function with form

f(x) = loga x ; x > 0 , a ∈ R>0

a is called the base.

log10 x is
abbreviated to logx
and loge x is written
as lnx

Remark

◀

Graphs of Logarithmic Functions

Logarithmic functions behave in a manner similar to that of exponential
functions. When a > 1, the function is increasing, and when 0 < a < 1 the
function is decreasing.

1
x

y

y = loga(x);a > 1

1
x

y

y = loga(x); 0 < a < 1

The magnitude of the base controls the steepness of the curve. When
a > 1, the smaller the value of a, the faster it increases; and the larger
the value of a, the slower it grows. The opposite is true when 0 < a < 1.

1
x

y y1 = log2(x)
y2 = log4(x)
y3 = log10(x)

1
x

y y4 = log1/2(x)
y5 = log1/4(x)
y6 = log1/10(x)

7
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Graphs illustrating that logarithmic and exponential functions as in-
verses of each other.

1

1
x

y
f(x) = ax

g(x) = loga x

a > 1

Df = Rg = R
Rf =Dg = (0,∞)

1

1

1

x

y
f(x) = ax

g(x) = loga x

0 < a < 1

Df = Rg = R
Rf =Dg = (0,∞)

Example 7: 1.5.56

Sketch the function, and state the domain and range.

f(x) = ln(x − 1) − 1

Solution

8
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Result 3: Properties of Logarithms

Let x, y ∈ R>0. Then the following holds:

1. loga(xy) = loga x + loga y

2. loga (
x
y) = loga x − loga y

3. loga(x
r) = r loga x ; where r ∈ R

4. loga x = loga y ↔ x = y

5. loga 1 = 0

6. loga a = 1

7. loga a
x = x ; can be generalized to loga a

f(x) = f(x)

8. aloga x = x ; can be generalized to aloga f(x) = f(x)

Example 8

Find the exact value of each expression

a. log3 81

b. log9 3

c. ln 1
e2

d. log2 30 − log2 15

e. 2 log5 100 − 4 log5 50

f. e3 ln 2

g. e−2 ln 5

h. eln(ln e
3
)

Solution

9
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Example 9: 1.5.44

Use the properties of logarithms to expand each expression:

a. ln
√

3x
x−3

b. log2 [(x
3 + 1) 3

√
(x − 3)2]

Solution

Example 10: 1.5.46

Express as a single logarithm

a. 3 ln(x − 2) − ln (x2 − 5x + 6) + 2 ln(x − 3)

b. c loga x − d loga y + loga z

Solution

10
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Example 11: 1.5.58

Solve the equation for x and leave your answer as an exact solution.

a. log2 (x
2 − x − 1) = 2

b. 1 + e4x+1 = 20

Solution

Example 12: 1.5.60

Solve the equation for x and leave your answer as an exact solution.

a. ln(lnx) = 0

b. 60
1+e−x = 4

Solution

11
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Example 13: 1.5.60

Solve the inequality for x and leave your answer as an exact solu-
tion.

a. 1 < e3x−1 < 2

b. 1 − 2 lnx < 3

Solution

Example 14

Starting with the graph of y = log5 x, write an equation of the
graph that results from

a. shifting 10 units downwards

b. shifting 8 units right

c. reflecting it into the x−axis and then shifting it down 2 units

d. shifting it 4 units to the left, reflecting it into the y−axis, and
shifting it up by 3

Solution

12
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Example 15

Sketch the graph of g(x) and state its domain and range.

g(x) = log2(x − 3)

Solution

Example 16

Sketch the graph of g(x) and state its domain and range.

g(x) = log3(x + 4) + 1

Solution

13
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Example 17

Sketch the graph of g(x) and state its domain and range.

g(x) = log 1
10
(2 − x) − 3

Solution

Example 18

Compute the domain for each of the following functions

a. f(x) = ln(x − 3)

b. g(x) = log(x + 5) + 2

c. h(x) = log5(2 − x) − 3

d. k(x) = ln(ex − 6)

Solution

14
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Trigonometric Functions

Let r be the distance from the origin to the point (x, y) and let θ be the
angle on the terminal side of the ray.

x

y

(x, y)

r

θ

Then the six trigonometric functions are define the ratio of distances
from the origin to the point (x, y)

sin θ =
y

r
cos θ =

x

r
tan θ =

y

x

csc θ =
r

y
sec θ =

r

x
cot θ =

x

y

If θ is allowed to take on values from 0○ to 360○ then the path traced by
r, is a circle with radius r centred at (0,0).

Secondary 5 Math Winter 2019
Lecture 21 Mak

Unit Circle

1 Introduction

� Recall that given any point (x, y) in the Cartesian plane, r defines the distance from the origin
to the point, and θ is the angle on the terminal side of the ray.

(x, y)

(0, 0)

θ

r

� The six trigonometric functions are then defined as a ratio of distances from the origin to the
point (x, y)

sin θ =
y

r
cos θ =

x

r
tan θ =

sin θ

cos θ
=
y

x

csc θ =
r

y
sec θ =

r

x
cot θ =

cos θ

sin θ
=
x

y

� If θ is allowed to take on values from 0◦ to 360◦, then the path swept out by r, would be a circle
with radius r centred at (0, 0). If r = 1 then this will generate the unit circle.

Circle of radius r Unit Circle

(x, y)

θ

r
(x, y)

θ

1

� Therefore, the six trigonometric functions can be revised as follows

sin θ = y cos θ = x tan θ =
sin θ

cos θ
=
y

x

csc θ =
1

y
sec θ =

1

x
cot θ =

cos θ

sin θ
=
x

y

1

If r = 1 then this will generate the unit circle, and the six trigonometric
functions can be revised to

sin θ = y cos θ = x tan θ =
y

x
=
sin θ

cos θ

csc θ =
1

y
=

1

sin θ
sec θ =

1

x
=

1

cos θ
cot θ =

x

y
=

1

tan θ
=
cos θ

sin θ

15
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In calculus all angles are measured in radians. The table below shows
some of the most common values for sin θ and cos θ.

θ 0 π
6 = 30

○ π
4 = 45

○ π
3 = 60

○ π
2 = 90

○

sin θ 0 1
2

√

2
2

√

3
2 1

cos θ 1
√

3
2

√

2
2

1
2 0

Inverse Trigonometric Functions

Trigonometric functions are not one-to-one but we can make them so by
restricting their domains. The key to is to restrict the values of x so that
all values of y are accounted for.

There are six inverse trigonometric functions. For the purpose of the
course, you need to be familiar with the inverse of sine, cosine, and tan-
gent.

Sine Inverse

Here is the graph of sinx.

x

y

−π
−
π

2

ππ

2

π 3π

2

2π 5π

2

3π

1

0

−1

sin(x)

By convention we restrict the domain of the sine to the interval [−π
2 ,

π
2
]

where it is one-to-one, and call its inverse on this restricted domain the
arcsine function or the inverse of sine function.

On the left, the graph of sine with the restricted domain is shown. On
the right the we have the graph of arcsine.

−1
2π

1
2π

−1

1

f(x) = sin(x)

−1 1

−1
2π

1
2π

f(x) = arcsin(x)

16
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Definition 4: Arcsine Function

The inverse of the sine function is called arcsine and is defined as
follows

y = arcsin(x) ⇔ sin y = x ; −
π

2
≤ y ≤

π

2

arcsin(x) is also
denoted as sin−1(x)

Remark

◀

Result 4: Composition of Sine and Sine Inverse

sin−1(sinx) = x ; −
π

2
≤ x ≤

π

2

sin(arcsinx) = x ; −1 ≤ x ≤ 1

Example 19

Compute the following values.

a. arcsin(0)

b. arcsin(−1)

c. sin−1 (
√

3
2 )

d. sin−1 (−
√

2
2 )

Solution

17
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Cosine Inverse

Below is the graph of the cosine function.

x

y

−π
−
π

2

ππ

2

π 3π

2

2π 5π

2

3π

1

0

−1

cos(x)

The graph of cosx with the restricted domain is shown on the left, and
the inverse of cos is on the right.

1
2π

π

−1

1

f(x) = cos(x)

−1 1

1
2π

π

f(x) = arccos(x)

Definition 5: Arccosine Function

The inverse of the cosine function is called arccosine and is defined
as follows

y = arccos(x) ⇔ cos y = x ; 0 ≤ y ≤ π

arccos(x) is also
denoted as cos−1(x)

Remark

◀

Result 5: Composition of Cosine and Cosine Inverse

cos−1(cosx) = x ; 0 ≤ x ≤ π

cos(arccosx) = x ; −1 ≤ x ≤ 1

Example 20

Compute the following values.

a. arccos(1)

b. arccos(0)

c. cos−1 (−
√

3
2 )

18
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Solution

Tangent Inverse

As with the other two functions, we restrict the domain of tangent to
the interval (−π

2 ,
π
2
), and call its inverse on this restricted domain the

arctangent function or the inverse of tangent function.

−π −1
2π

1
2π

π 3
2π

2π 5
2π

3π

−3

−2

−1

1

2

3
tan(x)

−1
2π

1
2π

arctan(x)

Definition 6: Arctangent Function

The inverse of the tangent function is called arctangent and is
defined as follows

y = arctan(x) ⇔ tan y = x ; −
π

2
< y <

π

2

arctan(x) is also
denoted as tan−1(x)

Remark

◀

Result 6: Composition of Tangent and Tangent Inverse

tan−1(tanx) = x ; −
π

2
< x <

π

2

tan(arctanx) = x ; −∞ < x < ∞

19



201-SN2-RE Differential Calculus - Mak Sect. 00007

Example 21

Compute the following values.

a. arctan(0)

b. arctan(1)

c. tan−1(−1)

d. tan−1 [tan (3π4 )]

Solution

Example 22

Compute the following values.

a. sec−1(
√
2)

b. arctan(
√
3)

c. tan(arctan(10))

d. sin−1 [sin (7π3 )]

e. cot−1(1)

Solution

20
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Example 23

Determine the exact value of the expression

a. sin [arctan (34)]

b. sec [arcsin ( 5
13
)]

c. tan(sin−1 x)

Solution

21


