1.5 Inverse Functions and
Logarithms

Inverse Functions

Given the graph of a curve, a relation qualifies as a function iff it passes
the vertical line test.

. b
/ (@, D) N

Function Not a function

A function can be classed as either one-to-one or not. A one-to-one
function, passes the horizontal line test.

Y Y

/

/

One-to-one Not one-to-one
Definition 1: One-to-One Functions
A function is one-to-one iff Vx,25 € Dy
flxy) # f(x2) whenever x; # xo
If f(x) is a one-to-one function, then it has an inverse, f~!(z), (ie.

given some value of y, it is possible to map it back to the unique value
of x which generated it).
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Definition 2: Inverse Functions

Let f(z) be a one-to-one function with domain Dy and range R;.
The inverse function, f~! has domain R; and range Dy and is
defined by

ffly)=2 < f(z)=y VYyeRy

Result 1: Domain and Range of f(z) and f~!(x)

Let f(z) be a one-to-one function with domain Dy and range Ry.
Then

e the domain of f~'(x) is Dy1(,) = Ry

e the range of f~'(z) is Rp-1(,) = Dy

Graphically, f(x) and f~1(x) are reflections of each other along the line
y=u.

Example 1

Consider the graph of f(x) above.
a. What is the domain of f(z)?
b. What is the range of f(z)?
c. What is the domain of f~!(x)?
d. What is the range of f~1(x)?

e. What is the value of f~1(2) and f(2)?
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f. What is the value of f~'(-1) and f(-1)7
g. What is the value of f~1(3)?

Solution

Computing the Inverse of a Function

In many situations, we want to determine the inverse of a function start-
ing from its algebraic form.
Result 2: Computing the Inverse of a Function
Suppose that f(z) is a one-to-one function
1. Let y = f(z)
2. Interchange the y with the z’s

3. Isolate for y. The resulting expression will be f~1(z).

Theorem 1

If f(z) is a one-to-one function with domain D; and range Ry,
and f~!(z) is its inverse, then

Remark
(f_l o f)(x) = f_l(f(x)) =z Vre Dy In other words, the
(fof™M(x)=f(f(2))=x Vz € Ry composition of f

and its inverse is x
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Example 2: 1.5.24

Find a formula for the inverse

g(z) =22 -2z ; x>1

Solution

Example 3: 1.5.26

Find a formula for the inverse

6-3x

) = Sr+ 7

Solution
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Example 4: 1.5.28

Find a formula for the inverse

y=3In(x-2)

Solution

Example 5: 1.5.30

Find a formula for the inverse

1-e*

l+e®

Y

Solution



201-SN2-RE Differential Calculus - Mak Sect. 00007

Example 6

Let f(z)=1+Vz+3
a. Find the inverse of the function.
b. What is the domain of f(x)? What is the range of f~(z)?
c. What is the domain of f~!(x) and the range of f(z)?

d. Sketch a graph of f(z) and f~!'(z) on the same axis.

Solution
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Logarithmic Function

Exponential functions are one-to-one functions. Therefore, they have an Rgmark
inverse. The inverse of an exponential function is a logarithmic func- J This means that

. . ry exponential
tions, and vice versa. eve y‘e ponentia.
function can be

turned into a

logarithmic
Definition 3: Logarithmic Function function, and vice
A logarithmic function is a function with form versa.
z) =log, x : x>0 aeR> Remark
f(z) =log, ; , Remar

abbreviated to logx
and log, = is written
as Inx

a is called the base.

Graphs of Logarithmic Functions

Logarithmic functions behave in a manner similar to that of exponential
functions. When a > 1, the function is increasing, and when 0 < a < 1 the
function is decreasing.

Y Y
‘—y:loga(l‘);a>1‘ ‘—yzloga(:z);0<a<1‘

The magnitude of the base controls the steepness of the curve. When
a > 1, the smaller the value of a, the faster it increases; and the larger
the value of a, the slower it grows. The opposite is true when 0 < a < 1.

Yy — 1 = logy(7) Y Yo = 10g1/2(x)
Y2 = log,(z) — Y5 =logy4(x)
—ys = log() — Yo = 10gy10()

xT X
1\

[u—
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Graphs illustrating that logarithmic and exponential functions as in-
verses of each other.

Yy Yy
A — f@)=a A — f@)=a
‘ —g(x) =log, = : —g(x) =log, v
x x
1
a>1 O<ax<xl1
Df:Rg:R Df:Rg:R
szDg:(07°°) Rf:Dg:((),oo)

Example 7: 1.5.56

Sketch the function, and state the domain and range.

flx)=In(z-1)-1

Solution
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Result 3: Properties of Logarithms

Let 2,y € R>°. Then the following holds:
1. log,(xy) =log, = +log, y
2. log, (g) =log, x —log,y
3. log,(z") =rlog, x ; where r € R

4. log,x =log,y <~ =y

5. log,1=0

6. log,a=1

7. log,a* =z ; can be generalized to log, a/® = f(x)

8. alg® =g ; can be generalized to al°%. /(@) = f(z)
Example 8

Find the exact value of each expression
a. logs 81
b. logg 3

L
&2

d. log, 30 —log, 15

c. In

e. 2log; 100 —4logs 50

f 631n2

g e—21n5

h. eln(n e?)

Solution
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Example 9: 1.5.44
Use the properties of logarithms to expand each expression:

3z
-3

b. log, [(gv3 +1) Y/ (x- 3)2]

a. In

Solution

Example 10: 1.5.46

Express as a single logarithm
a. 3ln(x -2)-In(2?2 -5z +6) +2In(z - 3)

b. clog, > - dlog,y + log, z

Solution
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Example 11: 1.5.58

Solve the equation for z and leave your answer as an exact solution.
a. logy (z2-2-1)=2
b. 1+ etz+l =20

Solution

Example 12: 1.5.60

Solve the equation for z and leave your answer as an exact solution.

a. In(lnz) =0
b. 1+6@0—~'v =4

Solution
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Example 13: 1.5.60

Solve the inequality for = and leave your answer as an exact solu-
tion.

a. l<ed@ 1«2

b. 1-2lnx <3

Solution

Example 14

Starting with the graph of y = logy z, write an equation of the
graph that results from

a. shifting 10 units downwards
b. shifting 8 units right
c. reflecting it into the x—axis and then shifting it down 2 units

d. shifting it 4 units to the left, reflecting it into the y—axis, and
shifting it up by 3

Solution
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Example 15

Sketch the graph of g(x) and state its domain and range.

9(x) = logy(x - 3)

Solution

Example 16

Sketch the graph of g(x) and state its domain and range.

g(x) =logg(x+4)+1

Solution
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Example 17

Sketch the graph of g(x) and state its domain and range.

g(x) = logfl0 (2-x)-3

Solution

Example 18
Compute the domain for each of the following functions
a. f(z)=In(z-3)
b. g(z) =log(x +5) +2
c. h(z)=logs(2-x)-3
d. k(z) =In(e* -6)

Solution
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Trigonometric Functions

Let r be the distance from the origin to the point (x,y) and let 6 be the
angle on the terminal side of the ray.

y
(z,9)

Then the six trigonometric functions are define the ratio of distances
from the origin to the point (x,y)

T
sin@zg cosf = — tanG:g
r r T
r r T
cscl = — secf = — cotf = —
Yy x Yy

If 0 is allowed to take on values from 0° to 360° then the path traced by
r, is a circle with radius r centred at (0,0).

If r =1 then this will generate the unit circle, and the six trigonometric
functions can be revised to

in@
sinfl =y cosf =x tand = LA sme
T oS

1 1 1 x 1 cosd

cscl = — = — secl = — =

Y " tanf  sind

<
<
=
K[| =
@)
)
>n
s
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In calculus all angles are measured in radians. The table below shows
some of the most common values for sinf and cos¥.

0 0 T = 30° T = 450 T = 60° T = 90°
sinf |0 1 2 e 1
cos 6 1 @ \/75 % 0

Inverse Trigonometric Functions

Trigonometric functions are not one-to-one but we can make them so by
restricting their domains. The key to is to restrict the values of x so that
all values of y are accounted for.

There are six inverse trigonometric functions. For the purpose of the
course, you need to be familiar with the inverse of sine, cosine, and tan-
gent.

Sine Inverse

Here is the graph of sinz.

By convention we restrict the domain of the sine to the interval [—g, g]
where it is one-to-one, and call its inverse on this restricted domain the

arcsine function or the inverse of sine function.

On the left, the graph of sine with the restricted domain is shown. On
the right the we have the graph of arcsine.
1+ 1

77

F(x) = sin(x) f(x) = arcsin(x)

D
Nl |




201-SN2-RE Differential Calculus - Mak Sect. 00007

Definition 4: Arcsine Function

The inverse of the sine function is called arcsine and is defined as

follows Remark
. . T 78 arcsin(x) is also
= amesiin) = Sy == ) 9 sys< 92 denoted as sin™! ()

Result 4: Composition of Sine and Sine Inverse

IA

sin'(sinz) = x ; —g x <

— N

sin(arcsinx) = x ; -1<x<

Example 19

Compute the following values.
a. arcsin(0)
b. arcsin(-1)

c. sin? (ﬁ)

2

d. sin! (‘Tﬂ)

Solution
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Cosine Inverse

Below is the graph of the cosine function.

T
-m au v ™ T m 27 om 3T
2 i 2 9 9

The graph of cosx with the restricted domain is shown on the left, and
the inverse of cos is on the right.

1 .

f(x) = arccos(r)

Definition 5: Arccosine Function

The inverse of the cosine function is called arccosine and is defined
as follows Remark

arccos(z) is also
y = arccos(x) < cosy =x ; O<y<m denoted as cos™! ()

Result 5: Composition of Cosine and Cosine Inverse

cos '(cosz) = x ; O<z<m

cos(arccosx) = x ; -1<z<1

Example 20
Compute the following values.
a. arccos(1)

b. arccos(0)

c. cos7t (__\/g)

2
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Solution

Tangent Inverse

As with the other two functions, we restrict the domain of tangent to

”), and call its inverse on this restricted domain the

the interval (—g, 5
arctangent function or the inverse of tangent function.

3T “
[ | tan ()
1 27 } ‘f ‘f —————————————%ﬁ ——————————————————
/| :
I I / /
Y / / arctan(x
1 ‘ /o /o ()
Ir 4 1 T 3 i 5 4
/ - %TF 5"71' / 571' /2 ™ 5ﬂ- 371-
] | , /
; ; ;’/ ;’/ /
| L /
2 s s J
| | 1
3l | L

Definition 6: Arctangent Function

The inverse of the tangent function is called arctangent and is
Remark

defined as follows
Jarctan(a:) is also

T
D) <Y< denoted as tan~!(z)

b | 3

y = arctan(zx) < tany = x ;

Result 6: Composition of Tangent and Tangent Inverse

tan~!(tanz) = x ;
2 2

tan(arctanz) = x ;
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Example 21

Compute the following values.

a. arctan(0)
b. arctan(1)
c. tan~!(-1)
d. tan™? [tan(?”r)]

4

Solution

Example 22

Compute the following values.

a. sect(V/2)

b. arctan(y/3)

c. tan(arctan(10))
d. sin™* [sin(%’r)]

e. cot™(1)

Solution
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Example 23

Determine the exact value of the expression

a. sin [arctan (%)]

b. sec [arcsin (15—3)]

c. tan(sin™ z)

Solution



